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ABSTRACT 

Human driver errors cause about 94% of traffic collisions. To increase the safety of road 

vehicles, extensive studies have been conducted on developing autonomous driving 

technologies. However, little attention has been paid to exploring autonomous articulated 

vehicles (AVs). This thesis proposes an approach to the design synthesis of AVs with 

autonomous steering. A linear yaw-plane model is generated to represent the AV, and a 

model predictive control (MPC) based tracking controller is designed for steering control. 

A stochastic modeling technique is developed using Monte-Carlo method to evaluate the 

performance limitations of AV dynamics. For enhancing the performance of the self-

steering AV, the design synthesis is formulated as a bi-layer design optimization problem. 

Particle Swarm Optimization (PSO) and Differential Evolution (DE) are introduced and 

tested. Selected simulation results are presented and discussed, and the insightful findings 

may be used as guidelines for developing autonomous driving control systems of AVs. 

 

Keywords: autonomous articulated vehicles; MPC based tracking controller; Design 

synthesis approach; numerical simulation; lateral vehicle dynamics 
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Chapter 1  

Introduction  

1.1 Motivation  

An articulated vehicle (AV) is a combination of a power unit, namely truck, car or 

vehicle, and a towed/trailing unit, named as trailer. Mechanical couplings, such as pintle 

hitches and dollies, are used to connect individual units as shown in Figure 1.1. Because 

of its cost-effectiveness and convenience for goods transportation, AVs are popular in 

North America.  About 7.09 million of units of vehicle trailers were used and registered 

in Canada in 2015, and the number increased up to 7.93 million in 2019 [1]. However, 

due to their multi-unit configurations, AVs exhibit significant different dynamics features 

with respect to SUVs, e.g., cars, buses, and trucks; AVs may experience two unstable 

motion modes, i.e., Jack-knife and Fishtailing [2].  

 

Figure 1.1: A typical articulated vehicle with a leading unit, a trailing unit, and a hitch.  

The situation could become worse in Canada because of long winter season where severe 

weather like storming and snowing is frequently influencing traffic safety. Reported by 

Transport Canada’s National Database, during year 2020, 1745 people lost their lives in 

1591 fatal road collisions, 7868 people were seriously injured, and 101572 people were 
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injured in total [3].  About a quarter of fatal collisions (25.72%) are related to commercial 

vehicles including articulated vehicles. The corresponding economic lost was estimated 

more than 20 billion of Canadian dollars. Furthermore, as reported in [3], human factors 

like distraction and fatigue contribute to almost every road collision as one of the main 

factors, while road and vehicle factors contribute 25.7% of road collisions.  

AVs may experience exaggerated lateral motions of trailers while performing evasive 

maneuvers. The rearmost trailer generally experiences more violent lateral motions than 

the leading unit; the trailer may be the first unit to rollover; by the time the driver realizes 

what is happening, it is too late to take a correct action [4]. Different from SUVs, in CT 

combinations, it is difficult for drivers to sense the motion of trailing unit because of 

hitch properties. A well-trained professional tractor-trailer driver could avoid majority of 

dangerous situations occurred by heavy articulated vehicles, but most CT systems are 

operated by the drivers without corresponding experience. Therefore, human factors 

contribute to such large part of road collisions as mentioned above. Two typical 

dangerous situations of AVs are named as 'Jack-knife' and 'Fishtailing' [2]. Directional 

performance measures including directional stability (or lateral stability), and path-

following performance (e.g. the trajectories of leading unit and trailer are following the 

expected path) have been widely studied both theoretically [5]-[6] and experimentally 

[7].  

To date, the vast majority of research activities carried out in autonomous driving have 

been dedicated to SUVs to eliminate the human factors and improve the safety [8]-[9]. 

The SAE has announced the levels of automated driving systems for road vehicles in 

2014 [9]. Recently, few studies investigated into the problem of autonomous driving 

control for articulated construction vehicles [10], and AVs with automated reverse 

parking [11]. These studies only focused on low-speed motion-planning and trajectory-

tracking based on kinematic control, while ignoring the high-speed dynamic behavior and 

the unstable motion modes of rollover, jackknifing, and trailer sway, which is actually a 

major part of the road collisions.  

Therefore, as a conclusion, the lack of research on autonomous AVs and increase of 

usage of CT systems inspired the motivation of this study to analyze the AV system 
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dynamic features, improve the road safety by designing autonomous features like steering 

controller, and optimizing the vehicle system design.  

1.2 Problem statement 

Various studies are focusing on analyzing the dynamic features of AVs, and the results 

have shown that the unstable motions of CT systems are strongly dependent on the design 

optimization of towing and towed unit’s parameters and load condition, especially trailer 

weight and location of the trailer CG in the longitudinal direction [5]-[7]. Besides of 

geometric parameters, individual driver behavioral factors are also closely associated 

with road safety [7].  

To avoid the aforementioned factors that lead to harmful unstable motions of AVs, design 

optimization is necessary for CT systems to achieve optimal stability and path-following 

performance by selecting corresponding geometry parameters. For example, GA, 

sequential quadratic programming (SQP), and dynamic mode tracking (DMT) have been 

utilized for improving stability of CT systems subjected to non-conservative forces [12]. 

On the other hand, the human behavioral factors could be eliminated by developing 

autonomous driving schemes, which became one of the most popular topics in the 

automotive engineering. Most of current driver models were developed specifically for 

SUVs, for instance, the McAdam optimal preview driver model is popular and 

incorporated in commercial software packages, CarSim and TruckSim [13]-[14]. 

Although some efforts have been investigated expending the driver model capabilities for 

multi-unit-vehicles (MUVs) like CT systems [15]-[16], the unified driver model are more 

sophisticated to tune for optimal performance as more weighting factors have been 

introduced.  

Path-following is one of the core issues in autonomous vehicle development, which 

control the vehicle motion to achieve the desired reference trajectory. To design the path-

following controller for SUVs, due to the directional and roll instabilities, the controllers 

are subjected to various physical and design constraints [17]. Because there is one more 

unit (trailer) in CT systems and two unique unstable motion modes, the path-following 

(both leading and towed units) controller for CT systems are subjected to more 

constraints.  
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Although the aforementioned two aspects (vehicle design optimization and autonomous 

driving control) have been invested in the past studies, those two factors are influencing 

each other internally. For example, variation of loading conditions may change the CT 

system lateral stability and dynamic features during high-speed maneuver, which also 

requires a fine-tuned controller with corresponding accurate updated model to predict the 

vehicle motion and control the steering.  

1.3 Objective  

To the best of the author’s knowledge, in the design of autonomous driving systems for 

AVs and SUVs, the motion-planning and tracking-control modules are often built upon 

the given mechanical vehicle system. In other words, a sequential approach is generally 

used for conventional autonomous vehicle designs: the mechanical vehicle is devised 

first, and the subsystems of tracking-controller and motion-planner are subsequently 

added. Is this sequential design method the most effective? Actually, either an 

autonomous SUV or an AVV may be considered as a mechatronic system [68]. For 

mechatronic vehicles, there exist strong dynamic couplings between mechanical and 

control subsystems [26],[74]. In the design of mechatronic systems, “Mechanical design 

and control design must be integrated and performed simultaneously by considering the 

interactions and tradeoffs between the two” [118]. However, there is a lack of studies on 

effective design methods for autonomous vehicles, which are assumed to consist of three 

subsystems, i.e., a mechanical vehicle, a motion-planner, and a tracking-controller. To 

make up the lack of the research in this aera and further improve the path-following 

performance of autonomous steering controller, the primary objective of this thesis is to a 

develop a new design synthesis approach to the autonomous steering control schemes for 

AAVs.  

The proposed method distinguishes itself from the existing approaches to the design of 

AAVs in the following aspects: 1) the design synthesis is formulated as a bi-level 

optimization problem; 2) in the design synthesis, the AAV is treated as a mechatronic 

system, which consists of the subsystems of mechanical vehicle, motion-planner, and 

tracking-controller; 3) the result of the design synthesis is a desired AAV with an optimal 

design variable set, which  is composed of the design variable subsets of mechanical 
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vehicle, track-controller, and/or motion-planner. In the bi-level optimization problem, at 

the top level, a stochastic search algorithm, e.g., PSO or DE, is used to find optimal 

design variable set for optimizing the directional performance of the AAV while 

satisfying the specified constraints; at the bottom level, with the provided design variable 

set from the top level, a coupled dynamic analysis is conducted among the three 

subsystems, i.e., a vehicle model for mechanical vehicle representation, a motion-

planning module with given perception data, and a tracking-controller. 

To evaluate the applicability and effectiveness of the proposed approach, it is applied to 

the design synthesis of a CT combination with automated steering. To this end, a 3-DOF 

yaw-plane CT model is generated to devise an MPC-based tracking-controller. It is 

assumed that with the given perception data, the motion-planner identifies a reference 

path for the CT with automated steering under highway operations. Two stochastic search 

algorithms, i.e., PSO and DE, are tested individually as a solver to the multi-objective 

optimization problem at the top level of the bi-level optimization problem for searching 

optimal design variable set. The design variable set is composed of two subsets: 1) 

vehicle mechanical parameters, and 2) MPC controller weights. To justify the resulting 

optimal design of the CT with automated steering, a comparative study is conducted 

through CarSim-MATLAB/Simulink co-simulation. Simulation results demonstrate the 

applicability and effectiveness of the proposed design synthesis approach in improving 

the path-following performance within corresponding constraints in SLC maneuvers.  

1.4 Organization 

The rest of the thesis is organized as follows. Chapter 2 reviews the state-of-the-art of 

articulated vehicle modeling, CT system dynamics analysis, autonomous driving, and 

design optimization. Chapter 3 derives and validates the 3-DOF linear CT model and a 

nonlinear tractor-trailer model. Chapter 4 delivers the analysis of AV lateral dynamics 

including eigenvalue analysis, sensitivity analysis, and stochastic method for identifying 

edge conditions. Chapter 5 introduces the proposed bi-layer optimization method. 

Chapter 6 presents the design optimization results and discussion. Chapter 7 concludes 

the thesis and provide recommendations for future research directions.  
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Chapter 2  

Literature Review 

2.1 Introduction 

This thesis mainly focuses on formulating the design synthesis of the autonomous driving 

control schemes as a design optimization problem to optimize the AV system and fine-

tuning the controller perforce. To this end, a comprehensive literature review of the-state-

of-the-art in corresponding researching fields is essential, in which four aspects are 

particularly highlighted:  1) vehicle model and validation for controller development and 

stochastic modeling, 2) autonomous driving systems for improving the safety of AVs, 3) 

AV lateral stability analysis, and 4) optimization algorithms and methods. The literature 

review identifies limitations of previous studies and consolidate the objectives of this 

research 

2.2 The state-of-the-art of vehicle modeling, validating and stochastic methods 

Mathematical modeling methods have been widely used for representing the vehicle 

system dynamics features and perform corresponding stability analysis [18]-[20]. 

Furthermore, to increase the efficiency of modeling procedure for multibody dynamic 

systems, and to avoid potential errors by manual operation, various types of automatic 

modelling techniques have been developed [21], [22]. EoM is one of the typical open-

source software packages focusing on automatically generating multibody dynamic 

model with linearization ability [21]. Similarly, work done in [22] is specifically focusing 

on the modeling of AVs ranging from CT system to long-combination-vehicle systems, 

e.g., B-train double, which is able to generate both linear and non-linear equations using 

Lagrange methods [23].  

These vehicle models could be classified as linear or nonlinear dependent on the property 

of the EoM. Linear vehicle model usually applies corresponding assumptions to estimate 

the nonlinearity of vehicle systems and tire characteristics, which is commonly used for 

designing model-based controllers because of its higher computational efficiency. The 
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popular linear 2-DOF ‘bicycle model’ is one of the examples for SUV research [24]-[26]. 

Regarding CT systems and long-combination-vehicle systems, single-track simplification 

is a well-known mathematical modeling method to simplify the vehicle dynamics, which 

combines two wheels on the same axle as one virtual wheel located in the middle of the 

axle. The yaw-plane STL model is one of the most popular linear models used for long-

combination-vehicle studies, e.g., A-double combination, and the performance of STL 

models has been evaluated in detail by Isalam [27].  

Three typical unstable motion modes of CT systems are: trailer swaying, jack-knifing, 

and roll-over, for which, various active control strategies have been studies and 

developed actively [28]. To design a reliable active safety controller, different types of 

vehicle models are applied to prevent one or two specific unstable motion modes and 

various DOFs have been considered [28]-[30]. Currently, 3-DOF linear yaw-plane model, 

4-DOF nonlinear yaw-plane model, and 6-DOF yaw-roll model have been developed and 

applied widely in this aera [31]. In the 4-DOF yaw plane model, rolling and pitching 

motions are ignored, and the motions of CT system considered are: 1) longitudinal 

motion of car, 2) lateral motion of car, 3) yaw motion of car, and 4) articulation motion 

between car and trailer. The 3-DOF model eliminates the longitudinal motion in 4-DOF 

model by assuming a constant vehicle forward speed. Linear and non-linear tire models 

are usually used in 3-DOF and 4-DOF CT models based on the application and motion 

range. Typical pneumatic tire presents linearity of the responsive tire forces versus tire 

slip ratio or slip angle (longitudinal forces and lateral forces) at small-value range, and 

highly nonlinearity beyond that range [32]-[34]. ‘Magic Formula’ developed by Pacejka 

in 1987 [35] is the most popular non-linear tire model that considers the interactions 

between tire lateral and longitudinal forces to calculate the tire forces based on the 

vertical tire loads. Although yaw-plane models are usually not considering lateral weight 

transfer that may generate unbalanced vertical loads on the inner and outer tires while the 

vehicle is cornering, some simple linear model to estimate the load transfer based on 

lateral acceleration has also been proposed to improve the model accuracy [36]. 

Compared to the 4-DOF CT model, the typical 6-DOF CT model contains two more 

motions: the roll motion of car, and the roll motion of trailer.  
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To validate the developed dynamics models, co-simulation is one of the popular 

numerical simulation methods [37], which compares the open- and closed-loop 

simulation results of the developed vehicle model with that from high-fidelity vehicle 

models generated by commercial software, e.g., CarSim and TruckSim. Regarding the 

stability analysis of vehicles, eigenvalue analysis is usually applied to identify the critical 

speed of the system and predict the potential unstable modes [38]. Specific testing 

maneuvers have been recommended for evaluating the vehicle system performance by 

ISO [85]. SLC maneuver [39] is one of the effective testing procedures that has been 

widely used [31][37], which defines the testing trajectory based on the system forward 

speed, maximum lateral acceleration, lane width, and the steering motion frequency.  

Stochastic modeling illustrates a system by describing the quantitative or qualitive 

importance of data [40], which may provide a different method to describe part of vehicle 

system behavior. Stochastic models have been developed in many applications in 

transportation area. To optimize the holding time of a transit vehicle along a transit route, 

stochastic service model could be generated to improve the realism for analytical purpose 

[41]. Driver behavior could be represented as a stochastic system, and a stochastic model 

predictive controller could be developed for improving the powertrain control algorithms 

[42]. Besides, stochastic model has been used in traffic flow [43], driver steering skills 

[44], and terrain profiles [45][46].  

2.3 The state-of-the-art of autonomous driving features  

For the past years, active safety features including autonomous driving have been 

developed and commercialized on SUVs to improve the vehicle stability and safety. 

Active safety features for SUVs including 4WS and direct-yaw-control (DYC) have been 

verified effective to avoid dangerous driving scenarios like roll-over and drift-out [47]-

[50]. Autonomous steering strategies by means of advanced controller have been utilized 

to improve the path-following performance as well, in which model-based control 

strategies are popular [51]-[54]. The aforementioned strategies could be summarized as 

‘semi-autonomous’ vehicles, which requires human drivers’ supervision and the 

advanced control systems are implemented to assist the driver. On the other hand, ‘full-

autonomous’ vehicles do not require any human operation, and the autonomous driving 
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module could fully replace a human driver under any driving scenarios and road 

conditions.  

In the case of AVs and LCVs, due to high CG and more complex dynamic features, 

autonomous safety feature is playing an important role in reducing operation risks. ESC 

has been validated effective on reducing safety risk as reported by WHO [55].  

Government of Canada launched the regulations amending ESC on the tractor of long 

combination heavy vehicles in 2017 [56]. Therefore, more and more attention has been 

paid to developing advanced active safety features specifically for AVs. Various passive 

and active safety systems have been developed including leading unit 4WS, active trailer 

steering, and active TDB [58][59]. A model based predictive controller integrated with 

4WS system has been developed and tested for CT systems by Shuwen [60], which 

shows efficient improvement of the lateral stability. To improve the maneuverability, 

Islam and He [61] proposed an ATS system for articulated heavy vehicles, which showed 

improved lateral stability and path-following performance. Differential braking control 

algorithms based on PID, and state feedback have been examined by Li and Pu [62], and 

braking-steering control with differential braking feature has been developed by Tom 

[63].  

Autonomous driving systems including speed control and steering control for SUVs have 

been commercialized, for example, Autopilot developed by Tesla has been studied in 

[64]. A trajectory-tracking control algorithm has been evaluated in [65] by utilizing the 

linear kinematic model and LQR, which shows efficiency results including parallel 

parking. Autonomous obstacle-avoidance strategies of CT systems have been evaluated 

based on nonlinear vehicle models [66]. MPC-based autonomous steering algorithms 

have been widely researched due to the efficiency of MPC in dealing with linear or 

nonlinear constraints on control variables [67]-[69]. An MPC-based controller has been 

shown effective with combined speed and steering control [70]. Furthermore, a variation 

of linear-MPC named adaptive MPC has been utilized to improve the lane-keeping 

performance of autonomous vehicles [71]. In the case of CT systems, the work done in 

[71] applied MPC to CT autonomous steering strategy with optimization of vehicle 

system design simultaneously for the first time.  
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2.4 The state-of-the-art of studies on articulated vehicle stability characteristics   

Most of research on AV system dynamics could be summarized into two specific 

purposes: high-speed stability and low-speed maneuverability, especially for articulated 

heavy vehicles. Three unique unstable motion modes of AVs have been evaluated, 

namely, trailer sway, jackknifing, and rollover, which are the common causes of fatal 

accidents occurring on highways [2], [30], [73], [74]. Trailer sway is a yaw motion mode 

triggered by divergent trailer yaw response, where the vehicle forward speed is usually 

larger than the critical speed and the trailer lateral tire forces are saturated. Usually, the 

trailer unit experiences much more severe lateral motion compared to the leading unit, 

and the trailer sway is caused by a lack of lateral tire forces [2]. The appearance of the 

unstable motion modes is highly dependent on the AV weight and dimensions including 

wheelbase, vertical axle load, and hitch properties. One of the effective methods to 

improve the stability and avoid the dangerous motion modes is to optimize the system 

design, including mass of car and trailer, location of CG of trailer, moment of inertia of 

trailer, cornering stiffness of both car and trailer, and location of hitch point [57]. On the 

other hand, researchers are paying more attention to eliminating human driver from the 

human-machine system to reduce negative impact of the human errors, which is the 

biggest cause leading to a road collision [3]. By introducing active safety features 

mentioned above could effectively improve both high-speed stability and low-speed 

maneuverability [75][76]. 

2.5 The state-of-the-art of design optimization 

Current design optimization of vehicles is focusing on comfort, safety, performance, and 

handling, which constructs a multidiscipline optimization problem [77]. An optimization 

method tackling the multidiscipline problem of mechatronic vehicles with active 

suspensions was developed in 2005 [78], which utilizes the GA and quarter-car models. 

An attempt was made on hybrid vehicle design optimization by using PSO algorithms 

[79], which exhibits the ability to solve the complex problem. A vehicle suspension 

design algorithm based on frequency domain PSO was developed and tested [80], which 

also utilizes the quarter-car model. Another population-based global search method is 

DE, which has been shown powerful and efficient [81]. The application of DE to 
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mechanical system design optimization has been evaluated in [82], which exhibits an 

obvious function improvement. DE has also been shown effective on path planning 

missions for aerial vehicles. Muhammed utilized the PSO, DE, GA, quarter-car model, 

and PID controller to optimize the performance of an electronic-hydraulic vehicle 

suspension, which approve the robustness of DE-optimized PID-controlled active vehicle 

suspension systems [83].  

2.6 Summary  

Based on the aforementioned literature review, plenty of research have been conducted 

on improving AV stability by mathematical dynamic model analysis, vehicle design 

optimization, and active safety system development. However, there are still gaps and 

limitations of current research, which could be summarized as:  

• Most of the autonomous driving strategies and active safety features were 

designed for SUVs and cannot be simply transferred to AVs 

• Stochastic modeling method has not been fully applied to the analysis of AV 

stability analyses considering loading and road conditions  

• Most design optimization methods only focus on vehicle mechanical design 

without considering the influence of advanced controller tuning parameters 

Built upon the comprehensive literature review, the research objectives introduced in 

Section 1.3 were established.  
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Chapter 3  

Vehicle Modeling and Validation  

3.1 Introduction 

The modeling of AV dynamic systems is presented in this section and the validation of 

the corresponding models is conducted. A 3-DOF single-track CT yaw-plane model is 

developed, and tire dynamics is described with the considerations of their unique 

dynamic features. Necessary linearization procedure is described in this section in order 

to improve the computational efficiency. A nonlinear tractor-semitrailer model with 2 

axles of the tractor and 3 axles of the semitrailer has been developed as well. Open-loop 

test on benchmark test maneuvers is utilized for validation, where the motion described 

by the developed model is compared with corresponding results generated by commercial 

software named CarSim/TruckSim. Comparison is investigated on fidelity, complexity, 

and applicability. The coordinate systems recommended by SAE have been used during 

the process of developing the models [84]. The coordinate system specified by ISO has 

been used in the CarSim/TruckSim commercial software vehicle models [85].  

3.2 CT modeling and validation 

The process of deriving the 3-DOF linear CT model is described in this subsection, and 

the CT system consists of two units, namely car (leading unit) and trailer (trailing unit), 

which are connected by mechanical coupling (hitch) at the articulating point. The EoM 

are expressed in the car body-fixed coordinate system, and those of the trailer is also 

expressed in this coordinate system. The validation of the 3-DOF linear yaw-plane model 

is conducted in this section as well by comparing the results with those from CarSim CT 

system model on benchmark testing driving scenarios.  
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Figure 3.1: The 3-DOF CT model 

3.2.1 3-DOF linear CT system modeling 

The 3-DOF CT system model is shown in Figure 3.1, which is the popular STL model. 

As shown, the CT system is telescoped laterally, and each axle set of both the car and 

trailer is represented by a single wheel. Three coordinate systems are introduced: 1) the 

inertial coordinate system, 𝑋 − 𝑂 − 𝑌, 2) car body fixed coordinate system with the 

origin located at its CG, 𝑥1 − 𝑜 − 𝑦1, and 3) trailer body fixed coordinate system with the 

origin located at its CG, 𝑥2 − 𝑜 − 𝑦2. During the modeling process, the system forward 

speed is assumed to be constant, the leading and trailing unit have been assumed as rigid 

body (no suspension systems), and the steering angle of front wheel of car 𝛿𝑓 is the input 

for vehicle directional control. In the 3-DOF STL CT model, three motions, i.e., car 

lateral motion, car yaw motion, and trailer yaw motion, are considered [86]. The pitch, 

bounce, and roll motions of the car and trailer, and the aerodynamic forces are ignored 

[31]. The tire model used in this model is linear tire model, which defines the tire lateral 

forces as a linear function of the tire slip angle with the coefficient equals to the lateral 

tire stiffness. The mass and yaw moment of inertia of car and trailer are assumed to be 

constant, and the equation of motions could be expressed as follows:  𝐹𝑦𝑓𝑐𝑜𝑠𝛿𝑓 + 𝐹𝑦𝑟 − 𝐹𝑦 = 𝑚1(�̇�𝑦1 + 𝑟1𝑣𝑥1) (3.1) 

𝑎𝐹𝑦𝑓𝑐𝑜𝑠𝛿𝑓 − 𝑏𝐹𝑦𝑟 + 𝑑𝐹𝑦 = 𝐼𝑧𝑧1𝑟1̇ (3.2) 

XO
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𝐹𝑥𝑠𝑖𝑛𝛾 + 𝐹𝑦𝑐𝑜𝑠𝛾 + 𝐹𝑦𝑡 = 𝑚2(�̇�𝑦2 + 𝑟2𝑣𝑥2) (3.3) 

𝑒𝐹𝑥𝑠𝑖𝑛𝛾 + 𝑒𝐹𝑦𝑐𝑜𝑠𝛾 − ℎ𝐹𝑦𝑡 = 𝐼𝑧𝑧2𝑟2̇ (3.4) 

where 𝑚1 is the leading unit (car) mass, and 𝑚2 is the trailing unit mass, 𝐼𝑧𝑧1 and 𝐼𝑧𝑧2 are 

the moment of inertia of car about the car’s z-axis and the moment of inertia of trailer 

about the trailer’s z-axis, respectively, 𝑎 and 𝑏 are the distance from the car CG to the 

front and rear axles, respectively, 𝑑 and 𝑒 are the distance from hitch point to the car CG 

and trailer CG, respectively,  ℎ represents the distance from trailer CG to trailer axle, 𝐹𝑦𝑓, 𝐹𝑦𝑟, and 𝐹𝑦𝑡 represent the lateral tire forces acting on the car front, car rear, and trailer 

axles, respectively, 𝑣𝑥1, 𝑣𝑦1, and 𝑟1 are the car longitudinal speed, lateral speed, and yaw 

rate, respectively, 𝑣𝑥2, 𝑣𝑦2, and 𝑟2 are the trailer longitudinal speed, lateral speed, and 

yaw rate, respectively,  𝛾 is the articulated angle, and 𝛿𝑓 is the front wheel steering angle.   

It is a regular and beneficial manipulation for modeling AV dynamics to transform the 

trailer’s lateral motion into the coordinate system fixed to the leading unit (car). By 

assuming the trailer forward speed the same as the car forward speed (𝑣𝑥2 = 𝑣𝑥1 = 𝑣𝑥), 

the transformation is done by calculating the lateral velocity of the hitch point from both 

car and trailer sides, and results are shown as follows:  𝑣𝑦2𝑐𝑜𝑠𝛾 = 𝑣𝑥𝑠𝑖𝑛𝛾 + (𝑣𝑦1 − 𝑑𝑟1) − 𝑒𝑟2𝑐𝑜𝑠𝛾 (3.5) 

𝑟2 = 𝑟1 − �̇� (3.6) 

To this end, both car and trailer motions have been expressed in the car body-fixed 

coordinate system, but the model is still nonlinear. In order to simplify and linearize the 

system, small angle assumption has been applied as follows:  𝑐𝑜𝑠𝛿𝑓 ≈ 1 (3.7) 

𝑠𝑖𝑛𝛿𝑓 ≈ 𝛿𝑓 (3.8) 

𝑐𝑜𝑠𝛾 ≈ 1 (3.9) 
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𝑠𝑖𝑛𝛾 ≈ 𝛾 (3.10) 

and then the equation of motion of the system could be expressed as follows:  𝐹𝑦𝑓 + 𝐹𝑦𝑟 − 𝐹𝑦 = 𝑚1(�̇�𝑦1 + 𝑟1𝑣𝑥) (3.11) 

𝑎𝐹𝑦𝑓 − 𝑏𝐹𝑦𝑟 + 𝑑𝐹𝑦 = 𝐼𝑧𝑧1𝑟1̇ (3.12) 

𝐹𝑦 + 𝐹𝑦𝑡 = 𝑚2(�̇�𝑦1 − 𝑑𝑟1̇ − 𝑒(𝑟1̇ − �̇�) + 𝑟1𝑣𝑥) (3.13) 

𝑒𝐹𝑦 − ℎ𝐹𝑦𝑡 = 𝐼𝑧𝑧2(𝑟1̇ − �̇�) (3.14) 

The 3-DOF model developed in this section is based on the linearized tire model, which 

expresses the tire lateral forces 𝐹𝑦𝑓 , 𝐹𝑦𝑟 , and 𝐹𝑦𝑡 as a linear function of tire slip angles 𝛼𝑓 , 𝛼𝑟 , and 𝛼𝑡 and the coefficients are equal to the tire cornering stiffness 𝑐𝑓 , 𝑐𝑟 , and 𝑐𝑡 of 

front car axle, rear car axle and trailer axle, respectively. The linear tire model is 

formulated as follows:  

[𝐹𝑦𝑓𝐹𝑦𝑟𝐹𝑦𝑡] = − [𝑐𝑓 0 00 𝑐𝑟 00 0 𝑐𝑡] [𝛼𝑓𝛼𝑟𝛼𝑡] (3.15) 

The calculation of tire slip angles is:  

𝛼𝑓 = 𝑣𝑦1 + 𝑎𝑟1𝑣𝑥 − 𝛿𝑓 (3.16) 

𝛼𝑟 = 𝑣𝑦1 − 𝑏𝑟1𝑣𝑥 (3.17) 

𝛼𝑡 = 𝛾 + 𝑣𝑦1 − (𝑑 + 𝑒 + ℎ)𝑟1 + (𝑒 + ℎ)�̇�𝑣𝑥 (3.18) 

As illustrated so far, there are three DOFs in this vehicle model, which are car yaw rate 𝑟1, car lateral velocity 𝑣𝑦1, and the articulated angle 𝛾. To explicit the front steering 

angle 𝛿𝑓 for developing the MPC path-following controller in later sections, the system 

could be organized in the car body fixed coordinate system, 𝑥1 − 𝑜 − 𝑦1 as follows:  
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𝑴[ �̇�𝑣𝑦1̇𝑟1̇𝑟2̇ ] = 𝑳 [ 𝛾𝑣𝑦1𝑟1𝑟2 ] + 𝑭[𝛿𝑓] (3.19) 

where, matrices 𝑴, 𝑳, and 𝑭 are given in appendix A.  

3.2.2 CarSim nonlinear CT model  

This subsection describes the highly nonlinear high-fidelity CarSim CT model with 21 

DOFs. The CarSim software package [87] consists of three relevant elements: (1) 

VehicleSim (VS) browser, which is a graphical user interface and serves as the primary 

interface; (2) CarSim databases,  which  are  used  to  select  vehicle  configuration  

templates  and  to define the system parameters, the tire-road interactions, the test 

maneuvers, etc.; and (3) VS solver, which is utilized to solve the relevant governing EoM 

of the vehicle model  and  execute  the  defined  dynamic  simulations.  With VS browser, 

researchers can allow other applications, e.g. a stability controller designed in MATLAB 

or LabVIEW and access to the CarSim databases via an interface. 

As shown in Figure 3.2, in this model, car has two axles and trailer has one axle, and 

similar to the 3-DOF model, car and trailer sprung masses are treated as rigid body with 6 

DOFs, which are longitudinal motion, the lateral, the vertical, the pitch, the roll and the 

yaw. A ball joint has been utilized to represent the mechanical coupling between car and 

trailer, which passes through the roll, yaw, and pitch motions. In addition, each axle 

(unsprung mass) is treated as a beam axle that can roll and bounce for the sprung mass to 

which it is attached. Besides, 6 wheels in total are free to rotate, which adds 6 more 

DOFs. As a result, 21-DOF model is generated. The tire model used in the CarSim 21-

DOF CT model is magic tire formula, which is nonlinear.  
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Figure 3.2: CarSim 21-DOF CT model 

3.2.3 Validation  

In this section, numerical simulation is conducted using MATLAB/Simulink co-

simulated with CarSim to validate the developed 3-DOF CT model. The test is based on 

open-loop maneuvers, which take front wheel steering angle (𝛿𝑓) as the input. The 3-DOF 

model is simulated in MATLAB, and the CarSim model is imported to Simulink as an 

VS function. The steering input sequence is predefined in the MATLAB workspace and 

executed in the Simulink while the simulation is running.  

The open-loop SLC [39] has been defined, which formulates the target trajectory as a 

function of longitudinal target position 𝑋𝑐(𝑡) with the specified maneuver parameters, 

including vehicle forward speed 𝑉𝑋, steering in put period 𝑇𝑝, and the target lane change 

width 𝐿. The kinematic formulation of the trajectory could be expressed as follow:  

𝑌𝑐(𝑡) = 𝐿𝑇𝑝 [𝑋𝑐(𝑡)𝑉𝑋 − 𝑇𝑝2𝜋 𝑠𝑖𝑛 (2𝜋𝑋𝑐(𝑡)𝑇𝑝𝑉𝑋 )] (3.20) 

where 𝑡 is the time, and 𝑌𝑐(𝑡) is the target lateral displacement time history. In this 

simulation, the forward speed of the system is assumed as constant, therefore the 

longitudinal vehicle location is calculated as:  𝑋𝑐(𝑡) = 𝑉𝑋𝑡 (3.21) 

As defined and suggested by ISO-14791 standard, for an SLC testing maneuver, the 

steering angle input should be a full cycle of sinewave [39], and the amplitude of the 

steering input is calculated as:  
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𝐴𝑦,𝑚𝑎𝑥 = 2𝜋𝐿𝑇𝑝2 (3.22) 

As a result, by defining the maximum lateral acceleration 𝐴𝑦,𝑚𝑎𝑥, and the lane width 𝐿, 

the corresponding testing maneuver for SLC could be finalized. In this research, the lane 

width is defined as 2.437 m, steering input period is 2.5 sec, and the maximum lateral 

acceleration is 0.255 g. Finally, the steering input time history is presented in Figure 3.3.  

   

Figure 3.3: Sinewave steering input of SLC testing maneuvers. 

The simulation has been conducted with the forward speeds of 10, 20 and 30 m/s, and the 

lateral accelerations of car and trailer have been recorded for lateral stability analysis and 

validation. Figures 3.4 and 3.5 illustrate the simulation results in the terms of lateral 

acceleration time history of car and trailer, respectively. As shown, while the forward 

speed of the system increases, the difference between the accelerations collected from 3-

DOF linear model and CarSim model increases. When the speed is low (𝑉𝑋 = 10 𝑚/𝑠), 

the lateral dynamics of the 3-DOF are almost the same with the CarSim high-fidelity 

model. As the speed increases, the difference become more obvious, which could be 

reflected by the difference between the linear tire model used in the 3-DOF model, and 

the ‘magic tire formula’ used in the CarSim model. The open-loop test has validated that 

the proposed CT and tire models are able to represent the high-fidelity vehicle model 

dynamics features, and an acceptable error could be realized at the high speed (𝑉𝑋 ≥ 30 𝑚/𝑠). 
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Figure 3.4: Car (leading unit) lateral acceleration 

  

Figure 3.5: Trailer (trailing unit) lateral acceleration 
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Figure 3.6: Tire slip angle 

 

Figure 3.7: Tire models of 3-DOF model (Linear) and CarSim model (Magic) 

In order to further discuss the difference appeared in the simulation results of car and 

trailer lateral acceleration, a detailed illustration of the tire models used in the two CT 

models need to be compared. As shown in Figure 3.6, which is the tire slip angle time 

history during the simulation. Figure 3.7 presents the two tire models, namely linear 

(used in the 3-DOF model) and magic (used in the CarSim model), which presents the 
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relationship between lateral tire forces and tire slip angle, and it is clear that while the slip 

angle is small (under 2 degrees), the difference is small. In Figure 3.6, it illustrates that 

the maximum car front tire slip angle is about 2.29 𝑑𝑒𝑔 while the vehicle running at 30 

m/s, which is close to the nonlinear area in Figure 3.7. This could be the main reason that 

causes the increase of deviation of 3-DOF lateral acceleration from that of the CarSim 

model shown in Figure 3.4. Besides, one could conclude that the linear tire cornering 

stiffness is the most important parameters to tuning the 3-DOF model, which means that 

a better-assumed constant cornering stiffness in this research may leads to a larger 

application range of the linear tire model and smaller error between linear and magic tire 

models.  

3.3 14-DOF nonlinear tractor-semitrailer modeling and validation  

In this subsection, a 14-DOF nonlinear tractor-semitrailer yaw-plane model will be 

developed, which is consisted by a two-axle tractor and a 3-axle semitrailer. In the 14-

DOF model, nonlinear magic tire model has been applied. Besides, a 21-DOF nonlinear 

tractor trailer model generated by TruckSim is described. Corresponding open-loop 

simulation for comparing the two models has been conducted on MATLAB/Simulink-

TruckSim co-simulation platform. Typical testing maneuver of SLC has been designed 

and used as the benchmark trajectory. Comparison has been performed in order to 

examine the 14-DOF tractor-model reliability and effectiveness on describing the system 

dynamic features.  

3.3.1 14-DOF nonlinear tractor-semitrailer modeling  

Figure 3.8 shows the yaw-plane model of a tractor-semitrailer vehicle system consists of 

two rigid bodies that represent the sprung masses of tractor and semitrailer. Semitrailer 

and tractor are connected through the fifth wheel represented by the pink pin in the 

figure, and ten wheels are labeled from 1 to 10. Body-fixed coordinates are represented 

by ′𝑋𝑡 − 𝑌𝑡′ and ′𝑋𝑠 − 𝑌𝑠′ of tractor-fixed and semitrailer-fixed, respectively. Each 

tire/wheel has independent rotation and steering DOFs, and the coordinates are presented 

in the figure as well. Longitudinal motion of tractor, lateral motion of tractor, yaw of 

tractor and the articulation motion are 4 of the DOFs. Besides, 10 wheels’ rotation motion 

contributes to another 10 DOFs. The physical parameters including dimension, mass, and 
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mass moment of inertia of the system are assumed to be constant through the modeling. 

No suspension system has been considered, and the aerodynamic effects are ignored. Tire 

model used in this model is the magic tire formula [35]. The notations of the model 

parameters have been summarized in the Table 3.1  

Table 3.1: Notation of parameters in 14-DOF nonlinear tractor-semitrailer model 

Parameters Notation 

Tractor track width 𝑇𝑤𝑡  

Tractor front axle to C.G. 𝐿𝑓𝑡 

Tractor rear axle to C.G. 𝐿𝑟𝑡 

Tractor C.G. to fifth wheel 𝐿𝑤𝑡  

Semitrailer C.G. to fifth wheel 𝐿𝑓𝑠 

Semitrailer track width 𝑇𝑤𝑠 

Semitrailer C.G. to second axle 𝐿𝑟𝑠 

Semitrailer first axle to second axle 𝐿𝑎1 

Semitrailer second axle to third axle 𝐿𝑎2 

Tractor moment of inertia 𝐼𝑧𝑡 

Semitrailer moment of inertia 𝐼𝑧𝑠 

Tractor mass 𝑚𝑡 
Trailer mass 𝑚𝑠 

Wheel effective radius 𝑅𝑤ℎ 

Longitudinal Coupling force 𝐹𝑥𝑐 

Lateral Coupling force 𝐹𝑦𝑐 

Longitudinal Tire force (i = 1, 2,…,10) 𝐹𝑥𝑖 
Longitudinal Tire force (i = 1, 2,…,10) 𝐹𝑦𝑖 
Steering angle (I = 1, 2,…,10) 𝛿𝑖 
Tractor C.G. lateral velocity 𝑉𝑦𝑡 

Tractor C.G. longitudinal velocity 𝑉𝑥𝑡 

Semitrailer C.G. lateral velocity 𝑉𝑦𝑠 

Semitrailer C.G. longitudinal velocity 𝑉𝑥𝑠 

Tractor yaw rate 𝑟𝑡 

Semitrailer yaw rate 𝑟𝑠 

Articulation angle 𝛾𝑖 
Tractor moment in x-y plane 𝑀𝑧𝑡 

Semitrailer moment in x-y plane 𝑀𝑧𝑠 

Wheel longitudinal velocity (i = 1, 2,…,10) 𝑢𝑖 
Wheel lateral velocity (I = 1, 2,…,10) 𝑣𝑖 
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Figure 3.8: 14-DOF nonlinear tractor-semitrailer model  

Based on Newton Second law, the EoM of the leading unit (tractor) could be expressed in 

longitudinal, lateral, and yaw as follows:  𝐹𝑥1 + 𝐹𝑥2 + 𝐹𝑥3 + 𝐹𝑥4 − 𝐹𝑥𝑐 = 𝑚𝑡(𝑣𝑥𝑡̇ − 𝑟𝑡𝑉𝑦𝑡) (3.23) 𝐹𝑦1 + 𝐹𝑦2 + 𝐹𝑦3 + 𝐹𝑦4 − 𝐹𝑦𝑐 = 𝑚𝑡(𝑣𝑦𝑡̇ + 𝑟𝑡𝑉𝑥𝑡) (3.24) 𝑀𝑧𝑡 + 𝐹𝑦𝑐𝐿𝑤𝑡 = 𝐼𝑧𝑡𝑟�̇� (3.25) 

Similarly, the EoM of the semitrailer could be derived as follows:  𝑚𝑠(𝐿𝑤𝑡𝑟𝑡2 + 𝐿𝑓𝑠𝑟𝑠2𝑐𝑜𝑠(𝛾) + 𝐿𝑓𝑠𝑠𝑖𝑛(𝛾) + 𝑉𝑥𝑡̇ − 𝑟𝑡𝑉𝑦𝑡) 

= (∑𝐹𝑥𝑖10
𝑖=5 ) 𝑐𝑜𝑠(𝛾) − (∑𝐹𝑦𝑖10

𝑖=5 ) 𝑠𝑖𝑛(𝛾) + 𝐹𝑥𝑐 (3.26) 

𝑚𝑠(𝐿𝑓𝑠𝑟𝑠2𝑠𝑖𝑛(𝛾)  − 𝐿𝑤𝑡𝑟�̇� − 𝐿𝑓𝑠𝑟�̇�𝑐𝑜𝑠(𝛾) + 𝑉𝑦𝑡̇ + 𝑟𝑡𝑉𝑥𝑡) 

= (∑𝐹𝑥𝑖10
𝑖=5 ) 𝑠𝑖𝑛(𝛾) + (∑𝐹𝑦𝑖10

𝑖=5 ) 𝑐𝑜𝑠(𝛾) + 𝐹𝑦𝑐 (3.27) 

𝐼𝑧𝑠𝑟𝑠 ̇ = 𝑀𝑧𝑠 + (𝐹𝑐𝑦𝑐𝑜𝑠(𝛾) − 𝐹𝑐𝑥𝑠𝑖𝑛(𝛾))𝐿𝑓𝑠 (3.28) 

A kinematic relationship between yaw motion of tractor and trailer is that the articulation 

angle could be expressed as:  

 t
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�̇� = 𝑟𝑠 − 𝑟𝑡 (3.29) 

Then the tractor-semitrailer model could be reduced to 5 independent functions with five 

states variables as shown:   𝑿 = [𝑉𝑥𝑡 𝑉𝑦𝑡 𝑟𝑡  𝑟𝑠  𝛾]𝑇 (3.30) 

The corresponding tire kinematics is modeled in the local coordinates system as well. For 

the front and rear a les of the tractor, wheels’ EoM are derived as:  

𝑢1,3 = 𝑉𝑥𝑡 − 𝑟𝑡 (𝑇𝑤𝑡2 ) (3.31) 

𝑢2,4 = 𝑉𝑥𝑡 + 𝑟𝑡 (𝑇𝑤𝑡2 ) (3.32) 

𝑣1,2 = 𝑉𝑦𝑡 + 𝑟𝑡𝐿𝑓𝑡 (3.33) 𝑣3,4 = 𝑉𝑦𝑡 − 𝑟𝑡𝐿𝑟𝑡 (3.34) 

For the semitrailers, the wheel kinematics is described as follows:  

𝑢5,7,9 = 𝑉𝑥𝑠 − 𝑟𝑠 (𝑇𝑤𝑠2 ) (3.35) 

𝑢6,8,10 = 𝑉𝑥𝑠 + 𝑟𝑠 (𝑇𝑤𝑠2 ) (3.36) 

𝑣5,6 = 𝑉𝑦𝑠 − 𝑟𝑠(𝐿𝑟𝑠 − 𝐿𝑎1) (3.37) 𝑣7,8 = 𝑉𝑦𝑠 − 𝑟𝑠𝐿𝑟𝑠 (3.38) 𝑣9,10 = 𝑉𝑦𝑠 − 𝑟𝑠(𝐿𝑟𝑠 + 𝐿𝑎2) (3.39) 

For convenience, a regular operation of the vehicle dynamic models is to transform the 

equation of motion of the trailer into the leading unit body-fixed coordinates system, and 

in this model, the transformation is formulated as follows:  𝑉𝑥𝑠 = 𝑉𝑥𝑡𝑐𝑜𝑠(𝛾) + 𝑉𝑦𝑡𝑠𝑖𝑛(𝛾) + 𝐿𝑤𝑡𝑟𝑡𝑠𝑖𝑛(𝛾) (3.40) 𝑉𝑦𝑠 = −𝑉𝑥𝑡𝑠𝑖𝑛(𝛾) + 𝑉𝑦𝑡𝑐𝑜𝑠(𝛾) − 𝐿𝑤𝑡𝑟𝑡𝑐𝑜𝑠(𝛾) − 𝐿𝑓𝑠𝑟𝑠 (3.41) 
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Besides, for each individual tire (i=1, 2,…,10), the corresponding slip angle and slip ratio 

could be calculated as follows:  

𝛼𝑖 = −𝛿𝑖 + 𝑡𝑎𝑛−1 (𝑣𝑖𝑢𝑖) (3.42) 

𝑠𝑖 = 𝑢𝑤𝑖 − 𝑅𝑤ℎ𝜔𝑖𝑚𝑎𝑥(𝑢𝑖, 𝑅𝑤ℎ𝜔𝑖) (3.43) 

where the wheel forward speed 𝑢𝑤𝑖 could be calculated based on the unit motion that the 

wheel is attached to:  𝑢𝑤𝑖 = 𝑢𝑖𝑐𝑜𝑠(𝛿𝑖) + 𝑣𝑖𝑠𝑖𝑛(𝛿𝑖) (3.44) 

Then by assuming the powertrain of the tractor semitrailer system is capable to provide 

desired power output to the wheel, and the wheel rotation speed is known to the driver 

and pre-defined, the nonlinear 14-DOF tractor-semitrailer model could be formulated as: �̇� = 𝑓(𝑿, 𝜹, 𝝎) (3.45) 

The non-linear model calculated the states time derivative �̇� based on the state vector 𝑿, 

steering vector 𝜹, and the wheel rotation speed vector 𝝎.  

3.3.2 Nonlinear TruckSim 21-DOF tractor-semitrailer model  

Similar to what described in the section 3.2.2, TrcukSim software has the same interface 

and working principles as CarSim. In this specific Tractor-Semitrailer model, difference 

is the trailing unit has 3 axles. As shown in the Figure 3.9, the tractor and semitrailer are 

connected through a fifth-wheel. 

 

Figure 3.9: 21-DOF nonlinear TrcukSim tractor-semitrailer model 
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3.3.3 Validation  

This subsection presents the validation of the proposed 14-DOF nonlinear tractor-

semitrailer model. The first driving scenario is constant-speed SLC at a high speed (90 

km/h) and a low speed (50km/h). The simulated maneuver is also based on the procedure 

specified by the ISO standard introduced in section 3.2.3. The second testing scenario is 

intended to simulate the emergent obstacle avoidance situation, in which deceleration and 

lane-change are happening simultaneously. The second maneuver is designed for 

validating not only the lateral motion but also the longitudinal motion of the 14-DOF 

model.  

The first open-loop testing scenario is a high speed SLC maneuver, where the 

longitudinal speed is constant, and the steering angle of the front wheel of tractor is 

shown in Figure 3.10. The input is constructed as a single period of sine wave with the 

amplitude equals to 1 deg and the period of 3 seconds, which is based on the ISO-14791 

[39]. The simulation has been conducted at both the high speed (90km/h) and the low 

speed (50km/h), and the steering inputs are the same. 

  

Figure 3.10: 14-DOF open-loop testing constant speed SLC steering input 

The high-speed testing results are presented in Figures 3.11, 3.12, and 3.13 based on the 

measured lateral acceleration and yaw rate time histories of tractor and trailer. As shown, 

both the TruckSim model and the proposed nonlinear model show sinewave-form lateral 
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acceleration time history. The difference between the TruckSim and the proposed 

nonlinear model is minimum. As the simulation starts, the TruckSim model presented 

non-zero lateral acceleration, which is due to the sophisticated tire model used in the 

TruckSim model that considers the camber angle of the tractor as well. The proposed 

nonlinear model presented identity of semitrailer lateral acceleration with the TruckSim 

model. The TruckSim model presents a larger peak value than that of the proposed model 

at the time around 9 second. This difference is caused by the tire model that is slightly 

different from the nonlinear tire model used in the TruckSim model. As shown in the 

Figure 3.13 that presents the yaw rate time histories of both the tractor and the 

semitrailer, the proposed model has high identity with the TruckSim model on the tractor 

response, and the proposed semitrailer model presents lower peak (0.026 rad/sec smaller) 

value than that of the TruckSim model. 

    

Figure 3.11: Tractor lateral acceleration under the 90 km/h SLC 

    

Figure 3.12: Semitrailer lateral acceleration under the 90 km/h SLC 
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Figure 3.13: Yaw rates time history under the 90km/h SLC 

The low-speed (50 km/h) SLC testing results are presented in Figures 3.14, 3.15, and 

3.16, which presents the time histories of tractor lateral acceleration, semitrailer lateral 

acceleration, and the yaw rates, respectively. As shown, the proposed nonlinear model 

has higher identity with the TruckSim model when the speed is low. Compared with the 

high speed SLC scenario, the difference of yaw rate peak value is lower when the vehicle 

speed is low (0.008 rad/sec smaller).  

  

Figure 3.14: Tractor lateral acceleration under the 50 km/h SLC 
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Figure 3.15: Semitrailer lateral acceleration under the 50 km/h SLC 

 

Figure 3.16: Yaw rates under the 50 km/h SLC 

Second testing scenario is intended to simulate the emergent obstacle-avoidance situation, 

where both braking and steering are applied during the simulation. The proposed 

obstacle-avoidance scenario has been simulated as deceleration and SLC happens 

simultaneously. The lane change is simulated by the steering input shown in Figure 3.10, 

and the vehicle speed has been simulated as decreasing from 90 to 30 km/h in 13 seconds 

with constant deceleration. The vehicle initial speed is 90 km/h, and the braking is 

applied at the time instant of 1 second. The braking force is kept constant until t=14 

second, and the target vehicle final speed is 30 km/h. The longitudinal speed profile is 

shown in Figure 3.17. The results of tractor longitudinal velocity, tractor lateral 

acceleration, semitrailer lateral acceleration, and the yaw rates of tractor and semitrailer 
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are presented in Figures 3.18, 3.19, 3.20, and 3.21, respectively. The overall simulation 

results illustrate good agreement between the 14-DOF nonlinear model and the TruckSim 

model. Small fluctuation of the longitudinal velocity during braking could be found in 

TruckSim model and it is not shown in the linear model because of the longitudinal load 

transfer happened in the TruckSim model while this load transfer and pitch motion have 

not been considered in the 14-DOF model. The change of lateral acceleration of the 

TruckSim model is also slower than the 14-DOF model, which is because of the 

suspension damping effects of the TruckSim model, which offers a smoother response of 

the lateral acceleration, but in the 14-DOF model, the suspension system has not been 

modeled.  

 

Figure 3.17: Obstacle avoidance maneuver forward speed profile 

  

Figure 3.18: Tractor forward speed time history  
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Figure 3.19: Tractor lateral acceleration time history of emergent obstacle avoidance 

  

Figure 3.20: Semitrailer lateral acceleration time history of emergent obstacle avoidance 

  

Figure 3.21: Yaw rate time history of emergent obstacle avoidance 
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3.4 Summary   

In this section, a linear yaw-plane 3-DOF CT system and a nonlinear 14-DOF yaw-plane 

tractor-semitrailer system models have been developed and validated through co-

simulation with 21-DOF nonlinear CarSim CT system model and 21-DOF nonlinear 

TruckSim tractor-semitrailer system model. Based on the open-loop simulation of SLC 

and emergent obstacle-avoidance maneuvers, the 3-DOF linear CT system model is able 

to match the dynamic feature of the CarSim model while the vehicle speed is not 

exceeding 30 m/s, and the 14-DOF nonlinear tractor-semitrailer model presents good 

performance regarding both longitudinal and lateral motions while compared with the 

TruckSim model. As a result, both of these two models are applicable to describe the 

dynamic features of corresponding vehicle systems, and the 3-DOF CT model is ready to 

be used for building model-based controller for autonomous steering control.  

The developed nonlinear tractor-semitrailer mole contributes more details and higher 

fidelity compared to the 3-DOF car-trailer model, which will be essential and necessary 

for future development of nonlinear controller or adaptive MPC. The previous 3-DOF 

model, as explained, has constrains based on assumptions during the modeling process, 

which is not the case for the 14-DOF nonlinear tractor-semitrailer model. As a result, this 

study will provide a completed model to be used in the future study such as nonlinear 

autonomous driving MPC and adaptive active safety system driver model.  
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Chapter 4  

Articulated Vehicle Dynamics Analysis   

4.1 Introduction  

This chapter presents the analysis of the AV dynamic features by using the 

aforementioned vehicle models and corresponding methods. High-speed stability is one 

of the main issues discussed in this chapter. The variation of loading and road surface 

condition will influence the vehicle lateral stability. The effects of loading and road 

surface condition will be analyzed by utilizing the proposed stochastic model method. 

Eigenvalue analysis, sensitivity analysis, and stochastic modeling methods have been 

utilized for conducting the research. Dangerous driving scenarios, critical speeds, and 

vehicle parameter design are discussed in this chapter and will be used as the 

fundamental for developing the autonomous steering controller and optimization 

algorithm in later chapters.  

4.2 Eigenvalue analysis 

An eigenvalue analysis of the 3-DOF yaw-plane CT system model is conducted in this 

section, which looks into the details about the critical speed of the CT system. As the 3-

DOF CT system is linear, according to the Lyapunov stability method [2], eigenvalues 

can be used to determine whether a fixed point (also known as an equilibrium point) is 

stable or unstable. A stable fixed point is such that a system can be initially disturbed 

around its fixed point yet eventually return to its original location and remain there. The 

eigenvalues of a system linearized around a fixed point can determine the stability 

behavior of a system around the fixed point. The particular stability behavior depends 

upon the existence of real and imaginary components of the eigenvalues, along with the 

signs of the real components and the distinctness of their values. When eigenvalues are of 

a complex value form, where there are three important cases. These three cases are when 

the real part is positive, negative, and zero. In all cases, when the complex part of an 

eigenvalue is non-zero, the system will be oscillatory. When the real part is positive, the 
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system is unstable and behaves as an unstable oscillator. When the real part is zero, the 

system behaves as an undamped oscillator. When the real part is negative, then the 

system is stable and behaves as a damped oscillator. 

According to the mathematical description of the 3-DOF model in Equation (3-19), the 

system matrix can be expressed as  𝑨 = 𝑴−1𝑳                                                         (4.1) 

Where matrix A Is dependent on vehicle forward speed and system parameters, e.g., 

inertial, geometric, tire cornering stiffness coefficients, etc. By means of eigenvalue and 

eigenvector analysis of the matrix, the motion modes of the CT combination can be 

identified. As e plained in Bruce’s book [38], for a CT system, the yaw-plane unstable 

motion could be identified by eigenvalue analysis based on the system matrix, and a 

critical speed for the system could be located. While the vehicle forward speed is lower 

than the critical speed, the system is yaw-plane stable, and when the vehicle forward 

speed exceeds the critical speed, the system turns into unstable mode of trailer sway. 

Another unique dangerous scenario named ‘jack-knifing’ could be easily identified by 

steady state transfer function analysis [38]. Therefore, in this section, the system 

described in Equation (3.19) has been used to conduct the eigenvalue analysis. By 

varying the forward speed 𝑣𝑥 of the system from 0 to 70 m/s, a series of fixed point of the 

system could be located, then plot the corresponding real part of the eigenvalue versus the 

speed. As shown in the Figure 4.1, which presents the real part of the eigenvalue, and the 

imagery part of the eigenvalue is non-zero, which has not been plotted here. The results 

have shown a clear oscillatory unstable motion mode, which presents decreasing damping 

effect of the trailer swaying motion while the speed is increasing, and there exists a 

critical speed around 38 m/s. While the vehicle forward speed exceeds the critical speed, 

the figure shows the real eigenvalue become positive and the system turns into unstable, 

which means the trailer sway is a violent oscillatory motion with increasing amplitude 

and almost constant frequency. The results shown here matches with the benchmark test 

done by Bruce [38] and Tao [2].  
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Figure 4.1: Real part eigenvalue of 3-DOF model versus vehicle forward speed 

4.3 Stochastic method 

4.3.1 Introduction  

In this section, an innovative method utilizing the stochastic method has been developed 

in order to conduct the analysis of the effects of random road condition, loading 

condition, and vehicle speed on Avs stabilities. A challenge in numerical simulation of 

AVs is the combined operation condition considering vehicle mechanical system and 

environment condition, which lead to a complex prediction problem of the system 

stability and dynamic features. A comprehensive simulation platform has been created 

using Python, MATLAB/Simulink, and TruckSim in order to conduct the stochastic 

modeling based on Mont Carlo method.  This method reduces the computational efforts 

of a full matrix of simulation runs of various loads and road conditions. As shown in 

Figure 4.2, varying operation conditions are defined by the range, mean, and standard 

deviation of corresponding parameters including trailer loading condition and road 

surface friction coefficient. The varying operation condition is aiming to simulation the 

random freight weight carried by trailer and weather condition influence on the tire-road 

interface, which is vital for articulated vehicle stability but cannot be modeled in the 

vehicle dynamic models mentioned in Chapter 3. Then, a comprehensive platform 

developed in Python will generate a full look-up table of the varying operation condition 
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based on the mean, range, and standard deviation, and based on the normal-distribution 

assumption. Another function of the Python interface is to conduct postprocessing 

including calculation and plotting figures. A total number of runs needs to be defined, for 

example, 500 runs in the Python interface, and the simulation will begin with randomly 

selecting a set of parameters in the generated normal-distributed tables. Based on the 

randomly selected variable values, a corresponding articulated vehicle model will be 

generated in TruckSim/CarSim software taking the loading condition into consideration, 

and a road condition with corresponding surface friction coefficient will be built and used 

for this run of test. Then the articulated vehicle model and road information will be 

imported to MATLB/Simulink testing environment as a format of VS function. The 

MATLAB/Simulink testing environment contains the target trajectory with or without 

advanced controller. After one run of the simulation is finished, the measured output, 

such as lateral acceleration and yaw rates, will be saved to a local file. If the run is not the 

last run based on the termination run number defined by the user, then the results of this 

run will be stored to a local file for later usage and analysis. The Python interface will 

select another set of parameters randomly from the look-up tables, and the same 

procedure of generating vehicle model and road condition repeats till the termination run 

number is reached. Finally, the Python interface collects the measured outputs from each 

run and do calculation like path-following errors and RWA for convenient stability 

analysis. Plots of results are generated by Python interface as well.  It should be noted 

that this simulation platform is capable of performing the relevant simulations for most 

type of articulated vehicle combinations including CT and long-combine-vehicle like A-

Train double.  

The study of stochastic method on the articulated vehicles dynamics is essential for 

validating the robustness of autonomous features like autonomous steering. It provides an 

efficient way for developing and testing MPC controllers in real operation conditions, 

which contains linear, nonlinear, and adaptive MPC. The results obtained through the 

research will be used to build the foundation and simulation environment for future 

adaptive MPC development.  
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Figure 4.2: Flowchart for stochastic modeling platform 

4.3.2 Simulation environment  

This subsection introduces the simulation environment used in this research of the 

stochastic modeling platform, which contains 4 specific parameters, namely, road surface 

friction coefficient, trailer payload, vehicle forward speed, and height of C.G. of trailer. 

Simulations have ben conducted separately on a B-train double system, and no advanced 
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controller has been used in B-train double simulation. The operation conditions of B-train 

double summarized in Table 4.1, and the target trajectory is SLC maneuver with lane 

width equals to 3.5 meters as shown in Figure 4.3. The corresponding look-up table 

contains 5000 of each parameter are generated, and the histograms are presented in 

Figure 4.4 (a), (b), (c), and (d). It should be noted that for the B-train double, two trailers 

are assumed to be the same regarding C.G. height and payload condition, and the road 

surface friction coefficient is constant through the whole simulated maneuver. A path-

following driver model has been applied, which is the built-in driver model in TruckSim, 

and the preview time has been set as constant at 1 second [88].  

  

Figure 4.3: Target trajectory of stochastic modeling of B-Train double 

 

Table 4.1: Stochastic modeling parameters of B-Train double  

Parameter Minimum Maximum Mean Standard Dev. 

Speed [km/h] 85 95 90 1 

Friction Coeff. 0.35 0.9 0.5 0.2 

Payload [kg] 13000 18000 15500 1000 

Trailer C.G. Height [m] 2250 2350 2300 10 
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(a)                                                                        (b) 

  

(c)                                                                      (d) 

Figure 4.4: Histograms of operation conditions defined by normal-distributed parameters 
of: (a) road surface friction coefficient, (b) vehicle forward speed, (c) height of C.G. of 

trailer, and (d) payload weight carried by trailer 

 

4.3.3 Results  

The stochastic modeling results of B-Train double system are presented and discussed in 

this subsection to demonstrate the modeling ability of the proposed method and conduct 

lateral stability analysis. The selected dynamic responses regarding the B-Train double 

stability are peak value of the second semitrailer lateral acceleration, trajectories of the 

system, and the RWA ratio. RWA is a unique dynamic phenomenon of AVs, in which the 

rearmost trailer exaggerates the lateral motion of the leading unit under relevant 

manoeuvres. The RWA is one of the recognized measurements to show the lateral 

stability of A-/B-train double LCVs. Three modes based on time domain and frequency 
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domain have been proposed in ISO-14791, and the definition of the RWA is the ratio of 

the maximum lateral acceleration of the rearmost trailer divided by the maximum lateral 

acceleration of the leading unit. The RWA measure is an important safety indicator for 

LCVs; the lower the RWA measure, the less risk of rollover during obstacle avoidance 

manoeuvres an LCV will face and to quantify the RWA measure, numerous testing 

methods have been investigated in [89].  

As show in Table 4.1, the testing maneuvers of this test is SLC with the speed in range 

from 85 km/h to 95km/h. Figures 4.5 to 4.7 present the road friction effects on the B-

Train lateral stability regarding the maximum tractor (leading unit) lateral acceleration, 

the maximum rearmost trailer lateral acceleration, and the RWA, respectively. While the 

road condition is bad (friction coefficient is low) due to rain, snow, or icy weather 

conditions, extreme rearmost trailer lateral motion can be expected. While the friction 

coefficient is lower than 0.5, some of the trailer ‘drift-out’ from the road and is 

experiencing an extremely high lateral acceleration up to 0.85 g, which also leads to a 

high RWA above 2.4. However, when the road condition is good (friction coefficient is 

higher than 0.6) due to dry surface, the trailer motion is more stable with a lower RWA 

and lateral acceleration. Interestingly, the lateral acceleration of the tractor is actually 

increasing gradually with the road surface friction coefficient, and the high lateral 

acceleration of the second trailer at low friction range does not have noticeable influence 

on the tractor lateral stability.  

  

Figure 4.5: Road friction coefficient vs. maximum tractor lateral acceleration  
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Figure 4.6: Road friction coefficient vs. maximum the second trailer lateral acceleration  

  

Figure 4.7: Road friction coefficient vs. RWA of B-Train double  

Three trajectories of typical simulation have been selected to show the details about the 

influence of the friction coefficient of road-tire interface. Run 5 with friction coefficient 

equals to 0.471, run 28 with friction coefficient equals to 0.36, and Run 44 with friction 

coefficient equals to 0.774 are presented in Figures 4.8, 4.9, 4.10, and 4.11 regarding 

tractor trajectory, second semitrailer trajectory, tractor lateral acceleration, and second 

semitrailer lateral acceleration, respectively. For Run 5, it is clear that the trailer lateral 

instability is high, and the path-following error is large; however, the system yaw 

damping effect is still sufficient bring the system back to stable, which means the 

amplitude of the trailer oscillatory motion is decreasing. On the other hand, as shown in 
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the Run 28 where the friction coefficient is even lower, and the damping effect is not 

large enough to keep the lateral stability, and one could notice that the trailer has roll-

overed before the simulation is terminated. In Run 44, road condition is good, and the 

road friction coefficient is high, although oscillatory motion of the second trailer still 

exists, its amplitude is much smaller compared to Run 5 and Run 28.  

 

Figure 4.8: Tractor Trajectories 

 

Figure 4.9: Second semitrailer trajectory 
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Figure 4.10: Tractor lateral acceleration  

 

Figure 4.11: Second semitrailer lateral acceleration  

 

4.4 Summary 

This chapter utilizes the eigenvalue method to conduct linear stability analysis of the 3-

DOF CT model, in which varying speed is influencing the stability of the system by 

changing the value of the system matrix. A critical speed of the 3-DOF model has been 

identified, which will be taken into consideration when model-based controller is 

developed. The operation condition should not exceed the critical speed, otherwise the 

proposed controller will not make good prediction due to the non-linear dynamic features.  



44 
 

A comprehensive numerical simulation platform focusing on modeling the varying road 

and loading conditions of the vehicle systems including CT and LCVs has been 

developed in this chapter. Testing results of the B-Train double stochastic modeling have 

been presented, which is a potential contribution to building advanced safety features that 

taking road/load condition into consideration. A numerical model such as deep neural 

network could be built based on the generated testing results, which saves the effort and 

costs of conducting a full matrix of testing. The proposed platform could also be used to 

test advanced controller by using closed-loop simulation. By applying this platform, edge 

conditions of both system instability and controller effectiveness could be effectively 

identified.  
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Chapter 5  

Design Methodology for Autonomous Articulated Vehicles    

5.1 Introduction 

Design methodologies are discussed in this chapter, which contains the MPC for 

autonomous steering control of CT system. Two popular global optimization search 

algorithms, namely, PSO, and DE have been used for optimizing the CT system design 

and MPC tuning parameters to improve the path-following performance. As a result, a bi-

layer optimization problem has been formulated since MPC itself is one of optimization 

algorithms, and the mentioned global optimization algorithms individually serve as the 

solver to the upper-level optimization problem. 

5.2 MPC 

It has been shown that autonomous vehicles are playing an important role in improving 

road safety and traffic efficiency. Recently, this topic has increasingly attracted the 

attention from researchers due to the artificial intelligence technology [90]. MPC has 

been more popular recently in the aera of autonomous driving features. This specific 

research is aiming to develop an MPC conducting path-following control of CT systems, 

which is focusing on the yaw-plane motion only. Path-following (or path tracking) 

control is an essential part of autonomous vehicle control module, which expects the 

vehicle system following a given reference path/trajectory with dynamic stability.  

Although many types of control strategies have been proposed to finish the path-tracking 

task, which contains Stanley control [91], PID [92], LQR [93], and sliding mode control 

(SMC) [94], these mentioned methods have been shown not sufficient for autonomous 

driving tasks, and the reasons could be summarized as lack ability of converging large 

deviation, robustness, and ability of dealing with instability and actuator constraints [44]. 

Therefore, the various constraints have to be considered in the control strategy, which 

restrict the state variables and input variables, which cannot be easily tackled by the 

aforementioned control strategies. MPC can handle the system constraints with 
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considering system states updates, so it has been a popular method for path-following 

autonomous vehicles.  

 

Figure 5.1: Geometry representation of the CT combination and target path. 

 

5.2.1 Introduction  

It is illustrated that MPC is an optimization problem. Furthermore, it solves a discretized 

dynamic model over a finite preview time interval to obtain the optimal control actions 

that minimize the objective performance index [95][96]. Therefore, to design the path-

following controller, this subsection demonstrates the kinematic relationship between 

reference trajectory and vehicle motion, then formulates the control task into an MPC 

problem. 

Reference path for the proposed controller defined in the global inertial coordinates 

system 𝑋 − 𝑂 − 𝑍 as shown in Figure 5.1, where 𝑌𝑐1 and 𝑌𝑐2are the global lateral 

deviation of leading and trailing unit, respectively. 𝜓1 and 𝜓2 are yaw angle defined in 

the global coordinate system. The kinematic relationship between reference path and 

vehicle are: �̇�𝑐1 = 𝑣𝑦1𝑐𝑜𝑠𝜓1 + 𝑣𝑥𝑠𝑖𝑛𝜓1 (5.1) �̇�𝑐2 = (𝑣𝑥𝛾 + (𝑣𝑦1 − 𝑑𝑟1) − 𝑒𝑟2)𝑐𝑜𝑠𝜓2 + 𝑣𝑥𝑠𝑖𝑛𝜓2 (5.2) �̇�1 = 𝑟1 (5.3) 
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�̇�2 = 𝑟2 (5.4) 

Then by adding the four global variables into the 3-DOF CT model developed in Chapter 

3, the prediction model for the MPC could be finalised. To finish the path-following task, 

in this study, the measured output for this controller is 𝑌𝑐1 and 𝑌𝑐2, which are the global 

lateral position of the car and trailer, respectively. Therefore, the predictive model 

designed for the MPC could be expressed as:  �̇� = 𝑨𝒙 + 𝑩𝒖𝒚 = 𝑪𝒙 + 𝑫𝒖 (5.5) 

where 𝑨, 𝑩, 𝑪,𝑫,𝑴, 𝑳, and 𝑭 are defined as in Appendix. A, and 𝒙 = [𝛾 𝑣𝑦1 𝑟1 𝑟2 𝑌𝑐1 𝑌𝑐2 𝜓1 𝜓2]𝑻 (5.6) 𝒚 = [𝑌𝑐1 𝑌𝑐2]𝑻 (5.7) 𝒖 = [𝛿𝑓] (5.8) 

The horizontal coordinate of the car and trailer in the inertial coordinate system are 

denoted as 𝑋(𝑡) and 𝑋(𝑡 − ∆𝜏), respectively, where the time delay ∆𝜏 is determined as 

Equation 5.11. Note that ∆𝜏 denotes the time required for the trailer to travel from its 

current position to the car’s current position. As shown in Figure 5.1, at the time instant 𝑡, 

the target points to be tracked by the CG of the car and trailer are denoted by points 𝑆𝑝1 

and  𝑆𝑝2 on the target path, respectively. The target points 𝑆𝑝1 and  𝑆𝑝2 are determined by 

[𝑋(𝑡), 𝑌𝑟𝑒𝑓(𝑡)] and [𝑋(𝑡 − ∆𝜏), 𝑌𝑟𝑒𝑓(𝑡 − ∆𝜏)], and the tangent angles of the target path at 

these points are 𝜓𝑟𝑒𝑓(𝑡) and   𝜓𝑟𝑒𝑓(𝑡 − ∆𝜏), accordingly.                

5.2.2 Problem formulation and constraint  

5.2.2.1 MPC problem formulation  

It is assumed that GPS (Global Positioning System) data is provided on this CT system, 

which means the measured output of the MPC controller could be defined as car lateral 

position 𝑌𝑐1 and trailer lateral position 𝑌𝑐2. Therefore, with a pre-defined reference 

trajectory in the global coordinate system for car lateral position 𝑌𝑐1,𝑑 = 𝑌𝑟𝑒𝑓(𝑡) and 

trailer lateral position 𝑌𝑐2,𝑑 = 𝑌𝑟𝑒𝑓(𝑡 − ∆𝜏), a desired path could be determined. The CT 
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dynamics system defined in Equation (5.5) is discretized, and a performance index is 

formulated subjected to steering angle constraints. As shown in Figure 5.1, the cross-

track errors of the car and trailer can be specified by  𝑒1(𝑡) = 𝑌𝑐1(𝑡) − 𝑌𝑟𝑒𝑓(𝑡) (5.9) 𝑒2(𝑡) = 𝑌𝑐2(𝑡) − 𝑌𝑟𝑒𝑓(𝑡 − ∆𝜏) (5.10) 

where ∆𝜏 is the time delay, by which the trailer travels at the constant speed 𝑣𝑥1 from its 

current location to that of the car. The time delay is determined by ∆𝜏 = (𝑑 + 𝑒) 𝑣𝑥1⁄ (5.11) 

The orientation errors of the car and trailer is determined by Δ𝜓1(𝑡) = 𝜓1(𝑡) − 𝜓𝑟𝑒𝑓(𝑡) (5.12) Δ𝜓2(𝑡) = 𝜓2(𝑡) − 𝜓𝑟𝑒𝑓(𝑡 − ∆𝜏) (5.13)  

The problem could be formulated as:  

find 𝒙(𝑘+1),  𝒖(𝑘), 𝑘 = 0, 1, … , 𝑃𝐻 − 1 

to minimize  𝐽𝑀𝑃𝐶 = ∑ ||𝒀𝑑(𝑘) − 𝒀(𝑘)||2𝑄
𝑃𝐻−1
𝑘=0 + 

∑ ||𝑢(𝑘)||𝑆2𝑃𝐻−1
𝑘=0 + 

∑ ||∆𝑢(𝑘)||2𝑅
𝐶𝐻−1
𝑘=0  (5.14) 

 

where, 𝑄 =  [𝑤1 00 𝑤2] , 𝑆 =  [𝑤3], 𝑅 =  [𝑤4] 
 

subject to 𝒀(𝑘) = [𝑌𝑐1(𝑘); 𝑌𝑐2(𝑘)] 𝒀𝑑(𝑘) = [𝑌𝑐1,𝑑(𝑘); 𝑌𝑐2,𝑑(𝑘)] 𝑢(𝑘) = 𝛿𝑓(𝑘) 𝛿𝑓,𝑚𝑖𝑛 ≤ 𝑢(𝑘) ≤ 𝛿𝑓,𝑚𝑎𝑥  ∆𝛿𝑓,𝑚𝑖𝑛 ≤ ∆𝑢(𝑘) ≤ ∆𝛿𝑓,𝑚𝑎𝑥 ∆𝑢(𝑘) = 0, 𝑘 =  𝐶𝐻, 𝐶𝐻 + 1,… , 𝑃𝐻 − 1 
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5.2.2.2 Discretized model 

To facilitate controller design and implementation, the continuous-time CT state-space 

model needs to be discretized by a time step 𝑇𝑠 using the forward Euler method and 

solved over the prediction horizon (𝑃𝐻) [90]. The discretized model is expressed as:  

{𝒙(𝑘+1) = 𝐴𝑑𝒙(𝑘) + 𝐵𝑑𝒖(𝑘)𝒚(𝑘) = 𝐶𝒙(𝑘)𝒖(𝑘) = 𝒖(𝑘−1) + ∆𝒖(𝑘) (5.15) 

5.2.2.3 Performance index  

Then, a series of control actions, namely steering angle in this problem, are obtained over 

PH to minimize the performance index 𝐽𝑀𝑃𝐶  as illustrated in Equation (5.14). The first 

summation is the path-tracking error, which is described by the deviation of the predicted 

outputs 𝒀(𝑘) from the desired output 𝒀𝒅(𝑘). The second summation reflects penalty on 

large amplitude of control input that is steering angles. Over a finite control horizon 

(CH), the first control action is applied. The last summation denotes the steering efforts, 

and a small steering variation ∆𝑢(𝑘) is preferred. Matrices Q, S, and R are the matrices 

consisted by weighting factors that reflects relative importance of the path-following 

error and steering efforts [97]. An updated set of states variables 𝒙(𝑘+1) are obtained at 

the next time step 𝑘, and the evaluation process will be repeated, and a new control action 

is determined. 

Solving the optimization problem defined in Equation (5.14), we get the solution in terms 

of the optimal control input increments evaluated at the sampling step k for the currently 

observed vehicle state vector 𝒙(𝑘), and denote the optimally predicted control input 

increments by  ∆𝒖∗(𝑘) ≜ [∆𝒖∗(𝑘),⋯ , ∆𝒖∗(𝑘 + 𝐻𝑐 − 1)]𝑇 (5.16) 

where the first control input increment is used to update the required control action 

described in Equation (5.15). The resulting state feedback control law is thus cast as  𝒖(𝑘 + 1) = 𝒖(𝑘) + ∆𝒖∗(𝑘) (5.17)
At the next sampling step k+1, the control action 𝒖(𝑘 + 1) is to be applied to the CT 
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plant to acquire the new vehicle state vector 𝒙(𝑘 + 1), with which the optimization 

problem Equation (5.14) will be solved again over a shifted horizon. To summarize the 

LMPC design, it could be visualized as the interrelations among the MPC optimizer, the 

prediction CT vehicle model, and the CT plant using the block diagram shown in Figure 

5.2. 

 

Figure 5.2: Block diagram describing the interrelations among MPC optimizer, prediction 
CT model, and CT plant. 

5.2.2.4 Constraints  

MPC is able to deal with complex optimization problem with constraints of state 

variables, outputs, manipulated variables and manipulated variables rates of change, 

which could be in the format of equality or inequality. After specifying the constraints, 

the controller optimizes its control moves to satisfy all the constraints. For this specific 

research, the model fidelity has been discussed in detail regarding its influence of MPC-

based controller for high-speed obstacle avoidance for AVs [98]. It concludes that, 

without considering nonlinearity and longitudinal load transfer, the model should be 

constrained within the linear tire limits to avoid of the dangerous navigation of the 

vehicle. Therefore, by considering the MPC parameter settings stated in [99], the 

constraints for the proposed controller and related parameter settings are shown in Table 

5.1, and the weighting matrices 𝑄, 𝑆, 𝑅 in Equation (5.14) are subjected to be optimized by 

the proposed design synthesis.  
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Table 5.1: LMPC parameters 

Parameter Notation Value 𝛿𝑓,𝑚𝑖𝑛 Lower limit of steering angle −10 𝑑𝑒𝑔 𝛿𝑓,𝑚𝑎𝑥 Upper limit of steering angle 10 𝑑𝑒𝑔 ∆𝛿𝑓,𝑚𝑖𝑛 Lower limit of steering angle rate of change −1.5 𝑑𝑒𝑔 ∆𝛿𝑓,𝑚𝑎𝑥 Upper limit of steering angle rate of change 1.5 𝑑𝑒𝑔 𝑃𝐻 Prediction Horizon 20 𝐶𝐻 Control Horizon 15 𝑇𝑠 Time step 5𝑒−4 𝑠𝑒𝑐 
 

5.3 PSO and DE optimization algorithms  

5.3.1 Introduction 

In recent studies of articulated vehicle stabilities, numerical simulation has been utilized 

due to its capability of conveniently evaluating vehicle architectures design and testing 

stability controls.  A typical CT linear model has been developed and analyzed for its 

yaw-plane unstable modes [21], which raised a requirement for the parameters 

optimization to avoid oscillatory instability. Furthermore, regarding fine-tuning the MPC 

controller, optimally tuning the constrained MPC algorithms is still an open research 

issue, and a potential PSO-based method has been developed [100]. In this section, both 

the design process for optimal CT system and tunning process for MPC weighting factors 

are formulated as an optimization problem for minimizing the path-following error. Two 

meta-heuristic methods, namely PSO and DE are implemented and tested in order to find 

the global-best solution of the whole system. An experiment was designed to compare the 

optimized solution with the selected nominal designs, which demonstrates the improved 

path-tracking performance.  

The design variables and the nominal values are summarized in Table 5.2. The first five 

variables are related to the CT geometries, and the nominal values are selected based on 

the values presented in [12]. The last four design variables are MPC tuning parameters, 

and the nominal values have been determined by trial-and-error method [17].  

 

 



52 
 

Table 5.2: Design variables and nominal values  

Parameters Symbol Nominal Value 

Car Front Axle to CG 𝑎 1.5 m 

Car CG to Car Rear Axle 𝑏 1.7 m 

Car CG to Hitch 𝑑 2.9 m 

Hitch to Trailer CG 𝑒 5.8 m 

Trailer CG to Trailer Axle h 0.12 m 

Weighting factor of 𝑌𝑐1(𝑘) 𝑤1 200 

Weighting factor of 𝑌𝑐2(𝑘) 𝑤2 100 

Weighting factor of 𝑢(𝑘) 𝑤3 0 

Weighting factor of ∆𝑢(𝑘) 𝑤4 0.1 

 

5.3.2 PSO formulation  

PSO was originally proposed by Kennedy and Eberhart in 1995 [101], which is one of the 

stochastic population-based metaheuristics inspired from swarm intelligence [102]. This 

algorithm mimics social behavior like bird flocking and fish schooling. The first step in 

PSO is to initialize the position and velocity randomly within the search space and initial 

velocities are set as zeros. Fitness function (Equation (5.18)) is called to find the path 

error, and if the error is less than the former, the personal best record is updated, if not, 

the personal best will not be updated. Each personal best value is compared within this 

generation in order to find the global best and record it. In the next generation, velocities 

will be updated based on the global best and personal best from the former generation. 

Owing to its simplicity, flexibility, and reliability, PSO has been used successfully in a 

variety of optimization problems. In addition, PSO is more suitable for multi-objective 

optimization problems due to its higher search efficiency compared with evolutionary 

computations, among which GAs, evolutionary programming, and evolutionary strategies 

are well-known examples [103]-[105]. To formulate the proposed design problem in this 

research, a PSO problem could be defined as:  

find 𝑿𝐷 

such that  ∀𝒚𝒚 ∈ 𝑆𝑆, 𝑓𝑃𝑆𝑂(𝑿𝐷)  ≤ 𝑓𝑃𝑆𝑂(𝒚𝒚) 
 

subject to  𝑿𝐷 = [𝑎, 𝑏, 𝑑, 𝑒, ℎ, 𝑤1, 𝑤2, 𝑤3, 𝑤4] {𝒚𝒚: 𝑙. 𝑏𝑖 ≤ 𝒚𝒚𝑖 ≤ 𝑢. 𝑏𝑖} 
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where, 𝑙. 𝑏𝑖 and 𝑢. 𝑏𝑖 are the lower and upper bound of the 𝑖𝑡ℎ dimension, respectively.  

The subjective function of both PSO and DE 𝑓𝑃𝑆𝑂/𝐷𝐸 could be defined as:  

𝑓𝑃𝑆𝑂/𝐷𝐸(𝑿𝐷) = ∑ 𝜉𝜅𝜅=4
𝜅=1 ⋅ Ε𝜅 (5.18) 

where, 

 𝜉𝜅 is the scale factors for each error item, and 

Ε𝜅 = √ 1𝜏𝑒𝑛𝑑 ∫ (𝑦𝑐𝜅,𝑑(𝜏) − 𝑦𝑐𝜅(𝜏))2𝑑𝜏𝜏𝑒𝑛𝑑0 , 𝜅 = 1, 2, 3, 4 

where, 𝑦𝑐𝜅(𝜏) 𝑎𝑛𝑑 𝑦𝑐𝜅,𝑑(𝜏) , 𝜅 = 1, 2, 3, 4 are equal to the reference global positions, yaw 

angles and outputs defined in (5.1) to (5.4), 𝜏 represents the simulation time, and 𝜏𝑒𝑛𝑑 

represents the stop time for the simulation. 

In addition to the typical arrangement of the PSO algorithm described above, multiple 

variants of improved PSO algorithms have been reviewed by the work done in [106], and 

the PSO limitation has been discussed in [107]. As a population-based algorithm, the core 

technique in PSO could be described as each individual (𝑿𝐷) in the population of ℕ𝑃𝑆𝑂 

particles move within the search region. The individual (𝑿𝐷) could be defined by the 

following 9-dimensional design variable vectors: 

● Position (𝑿𝐷𝑗𝑖 ): the position of the 𝑖𝑡ℎ particle in 𝑗𝑡ℎ generation,  

● Velocity (𝑽𝑗𝑖): the length and direction of movement of the 𝑖𝑡ℎ particle in 𝑗𝑡ℎ 

generation, 

● Personal best 𝑷𝑗𝑖: the best position that the 𝑖𝑡ℎ particle has visited up to the 𝑗𝑡ℎ 

iteration 

● Global best (𝑮𝑗): the best position that the population ℕ𝑃𝑆𝑂 of particles have 

visited up to 𝑗𝑡ℎ generation 
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At each iteration (generation j), the updating rules of the position and velocity could be 

represented as: 𝑽𝑗+1𝑖 = 𝑊 ⋅ 𝑽𝑗𝑖 + 𝐶1 ⋅ 𝜷𝟏 ⋅ (𝑷𝑗𝑖 − 𝑿𝐷𝑗𝑖 ) + 𝐶2 ⋅ 𝜷𝟐 ⋅ (𝑮𝑗 − 𝑿𝐷𝑗𝑖 )  𝑿𝐷𝑗+1𝑖 = 𝑿𝐷𝑗𝑖 + 𝑽𝑗𝑖 
𝑷𝑗+1𝑖 = {𝑿𝐷𝑗+1𝑖 if, 𝑓𝑃𝑆𝑂 (𝑿𝐷𝑗+1𝑖 ) < 𝑓𝑃𝑆𝑂(𝑷𝑗𝑖)𝑷𝑗𝑖 if, 𝑓𝑃𝑆𝑂 (𝑿𝐷𝑗+1𝑖 ) ≥ 𝑓𝑃𝑆𝑂(𝑷𝑗𝑖) (5.19) 

𝑮𝑗+1 = {𝑷𝑗+1𝑖 if, 𝑓𝑃𝑆𝑂(𝑷𝑗+1𝑖 ) < 𝑓𝑃𝑆𝑂(𝑮𝑗)𝑮𝑗 if, 𝑓𝑃𝑆𝑂(𝑷𝑗+1𝑖 ) ≥ 𝑓𝑃𝑆𝑂(𝑮𝑗) 

𝑖 =  [1,2, … , ℕ𝑃𝑆𝑂], 𝑗 =  [1,2, … ,ℚ𝑃𝑆𝑂] 
where, ℚ is the maximum generation based on the termination criteria of the optimization 

process, and 𝑮𝑗 is the global best solution so far to 𝑗𝑡ℎ generation. 𝐶1, and 𝐶2 are the 

cognitive and social weights also known as acceleration coefficients [108]. 𝜷1 ∈ ℝ9×9 

and 𝜷2 ∈ ℝ9×9 denote two diagonal matrices and each diagonal element of the matrices 

is a uniform random variable over the internal [0,1]. 𝑊 is the inertia weight to control the 

impact of the previous velocity value on the updated velocity [109], which was first time 

introduced in 1998. 

5.3.3 DE formulation 

Similar to PSO, DE is a population-based meta- heuristic search algorithm as well, which 

optimizes a problem by iteratively improving a candidate solution based on an 

evolutionary process. Such algorithms make few or no assumptions about the underlying 

optimization problem and can quickly explore very large design spaces. In DE, each 

solution is known as Chromosome. Each chromosome undergoes mutation followed by 

recombination. A target vector is the solution which undergoes evolution. Target vector is 

used in mutation to generate the donor vector and the donor vector undergoes 

recombination to obtain that trial vector. A greedy selection is employed between target 

vector and trial vector and the better solution among these two vectors survives for the 
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next generation. The selection of better solutions is performed only after the generation of 

all trial vectors.  

Inspired by GAs, DE algorithm was originally proposed in 1997 [110] and has been 

applied to a variety of domains of science and technology [111]. A huge variant of DE 

has been reviewed in [112] for single-objective optimization problems. DE is simple in 

usage, efficient in convergence, and especially suitable for continuous optimization 

problems. The canonical DE algorithm has been applied in this research and could be 

described as the following steps. 

● Initialization: DE is also a global optimum search algorithm, which begins with a 

randomly initiated population ℕ𝐷𝐸 of decision vectors (9-dimensional 𝑿𝐷𝑗𝑖 ), 

which also known as genome/chromosome:  𝑿𝐷𝑗𝑖 = (𝑿𝐷𝑗1, 𝑿𝐷𝑗2, … , 𝑿𝐷𝑗ℕ𝐷𝐸) (5.20) 

The initial population (𝑗 = 1) should cover the search space as much as possible by 

uniformly randomizing individuals as:  𝑿𝐷𝑗=1𝑖 = 𝑿𝐷𝑚𝑖𝑛 + 𝑟𝑎𝑛𝑑[0,1](𝑿𝐷𝑚𝑎𝑥 − 𝑿𝐷𝑚𝑖𝑛) (5.21) 

where, 𝑿𝐷𝑚𝑎𝑥 and 𝑿𝐷𝑚𝑖𝑛 are the physical maximum and minimum value of the 

state vector, respectively. 𝑟𝑎𝑛𝑑[0,1] is a random number ranging from 0 to 1. 

 

● Mutation: after initialization, for each individual, three vectors are selected 

randomly to conduct mutation to create donor vector 𝒗𝒗𝑗𝑖 as  

 𝒗𝒗𝑗𝑖 = 𝑿𝐷𝑗𝑖1 + ℱ (𝑿𝐷𝑗=1𝑖2 − 𝑿𝐷𝑗=1𝑖3 ) (5.22) 

where 𝑖1, 𝑖2, 𝑖3 are three random integer indices chosen from the range [1, ℕ𝐷𝐸] 

randomly, which are mutually different and differ from the running index 𝑖. ℱ is a 

real and constant factor, which controls the amplification of the differential 

variation 

● Crossover: two types of crossovers are popular in DE, which are exponential and 

binomial, and the latter is applied in this scheme. Through crossover, the donor 



56 
 

vector  𝒗𝒗𝑗𝑖 mixes its components with the target vector 𝑿𝐷𝑗𝑖  to form the 

trial/offspring vector 𝒖𝒖𝑗𝑖. 
𝒖𝒖𝑗𝑖(𝜊) = { 𝒗𝒗𝑗𝑖(𝜊) 𝑖𝑓𝑖 = 𝑖𝑘  ∪  𝑟𝑎𝑛𝑑[0,1] ≤ 𝐶𝑟𝑿𝐷𝑗𝑖 (𝜊) 𝑜𝑡ℎ𝑒𝑟𝑖𝑤𝑖𝑠𝑒 (5.23) 

Where, 𝑖𝑘 is a random integer in [1, 2, …, ℕ𝐷𝐸], 𝐶𝑟 ∈ (0,1) is the pre-fixed 

crossover rate, and 𝜊 = 1,2, … ,9. 

● Selection:  a selection is conducted between the target vector 𝑿𝐷𝑗𝑖  and the trial 

vector 𝒖𝒖𝑗𝑖 at every iteration (generation 𝑗) by comparing the objective function 

values, which can be formulated as:  

𝑿𝐷𝑗+1𝑖 = {𝒖𝒖𝑗𝑖 𝑖𝑓𝑓𝐷𝐸(𝒖𝒖𝑗𝑖) ≤ 𝑓𝐷𝐸 (𝑿𝐷𝑗𝑖 )𝑿𝐷𝑗𝑖 𝑜𝑡ℎ𝑒𝑟𝑖𝑤𝑖𝑠𝑒 (5.24) 

where, the objective function of DE (𝑓𝐷𝐸) is formulated the same as PSO defined 

in (5.18). 

By minimizing the objective function 𝑓𝐷𝐸, the new trail vector replaces the target vector 

if it yields lower cost; otherwise, the target vector survived in the next generation of 

population. Besides binormal and exponential, more strategies regarding DE mutation 

and crossover have been discussed in [113].  

5.4 Overall Bi-layer optimization method  

5.4.1 Introduction 

The proposed design synthesis approach to the design optimization of autonomous 

steering control schemes is illustrated in Figure 5.3. Essentially, the proposed approach is 

a by-level optimization method. At the lower level, based on the data from forward-

looking sensors and a higher-level motion planner of the navigation system, motion and 

path planning is conducted. The predicted path boundaries, which consider various road 

features and hazard analysis, establish constraints on projected vehicle location and 

orientation. Given the reference trajectory identified by the motion-planner, the MPC-



57 
 

based tracking-controller determines the desired control inputs to drive the virtual CT to 

track the reference trajectory for achieving optimal tracking performance and ensuring 

travel operation safety. Then CT dynamic model and the MPC algorithm are combined 

based on given the constraints and the design variable set 𝑿𝐷 from the upper level, and an 

MPC-based optimization problem is formulated. Through closed-loop numerical 

simulations, the resulting fitness values and constraints are feedbacked to the upper level. 

The acquired fitness values (i.e., 𝑓𝑃𝑆𝑂(𝑿𝐷) and 𝑓𝐷𝐸(𝑿𝐷) in this research) and constraints 

are treated as a vector optimization problem. By means of a scalarization technique, the 

vector optimization problem is converted to a scalar optimization problem with a utility 

function taking the form of ∑ 𝜉𝜅𝜅=4𝜅=1 ⋅ Ε𝜅 for this specific study as shown in equation 

(5.18). 

As mentioned in the introduction, the MPC-based tracking-controller design itself is an 

optimization problem. Therefore, the design synthesis displayed in Figure 5.3 is a bi-level 

optimization problem. Applying a bi-level optimization technique to the design of 

mechatronic vehicles often results in a non-convex optimization problem, where a 

variation of the initial conditions may lead to different design solutions [114]-[115]. 

Nevertheless, such a situation can be attenuated by using stochastic search algorithms, 

e.g., GAs, which have been preferred over gradient-based techniques [116].  

In this study, global search algorithms, i.e., PSO and DE, are used as the optimizer to 

resolve trade-off relations among various design criteria at the upper level as shown in 

Figure 5.3 and seek better design solutions in terms of a new set of design variables 𝑿𝐷. 

The above design process will continue until an optimal design variable set 𝑿𝐷_𝑜𝑝𝑡 is 

found. It is expected that given the optimal design variable set 𝑿𝐷_𝑜𝑝𝑡 determined 

offline, with the desired steering inputs and tracking the optimal trajectory, the vehicle 

will be exposed with the minimum threat and the least safety risk. 
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Figure 5.3: Bi-layer design synthesis  

 

Figure 5.4: Schematic representation of the implementation of the bi-level optimization 
problem 

 

5.4.2 Implementation  

Figure 5.4 visualizes the implementation of the bi-level design optimization problem. 

Initially, the PSO or DE algorithm randomly chooses n designs in the 9-dimensinal design 

variable space. Each design (𝑿𝐷_𝑖, 𝑖 ∈ {0,1,2,⋯ , 𝑛 − 1}) is then sent to the coupled local 
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motion-planning and LMPC tracking-control modules. With a given design variable set, 𝑿𝐷_𝑖, the specified geometric parameters of the prediction CT model are updated; at the 

same time, the tuning weights of the LMPC controller are also updated. Under the 

simulated SLC maneuver, the reference path for the AAV is determined by the local 

motion-planning module. Over the SLC maneuver, the LMPC controller calculates the 

steering angle 𝛿𝑓  of the CT plant to track the reference path at a constant speed. After 

executing the maneuver, a fitness value 𝑓𝑃𝑆𝑂/𝐷𝐸(𝑿𝐷) is determined. 

Upon the completion of the SLC maneuver corresponding to each of the n design variable 

sets, a fitness value vector in the form of [𝑓𝑃𝑆𝑂/𝐷𝐸(𝑋𝐷_0), 𝑓𝑃𝑆𝑂/𝐷𝐸(𝑋𝐷_1),⋯ , 𝑓𝑃𝑆𝑂/𝐷𝐸(𝑋𝐷_𝑛−1)]𝑇is 

attained. At this point, if the convergence criteria, e.g., a predefined total generation 

number, an acceptable error between the best fitness values of the last two generations, 

etc., are satisfied, the optimization process terminates. Otherwise, the obtained fitness 

value vector is feedbacked to the PSO/DE at the top level. Based on the returned fitness 

value vector corresponding to the given design variable sets, the PSO or DE algorithm 

creates the next generation of design variable sets using the respective operators. This 

process repeats until the optimal variable set is found.   

To this end, a SLC obstacle avoidance maneuver at a high speed is selected and 

simulated. It is assumed that, under this SLC maneuver, the path to be tracked by the 

AAV is prescribed by the local motion-planner. Under the SLC maneuver, the AAV 

tracks the path at a constant forward speed, 𝑉𝑥. During the maneuver, the LMPC 

controller adaptively adjusts the car front wheel steer angle, 𝛿𝑓, to improve path-

following and ensure yaw stability by minimizing the PFOT of both the car and trailer, 

i.e., 𝐽𝑃𝐹𝑂𝑇1 and 𝐽𝑃𝐹𝑂𝑇2, as well as the YAD of the car and trailer from the respective 

reference angles of the target path, that is, 𝐽𝑌𝐴𝐷1 and 𝐽𝑌𝐴𝐷2. 

As seen in Figure 5.1, at an arbitrary time instant over the SLC maneuver, the 

instantaneous PFOT measure for the car and the trailer, i.e., 𝑒1(𝑡) and 𝑒2(𝑡), are defined 

by Equations (5.9) and (5.10), respectively; while the instantaneous YAD measure for the 

car and the trailer, that is, Δ𝜓1(𝑡) and Δ𝜓2(𝑡), are determined by Equations (5.12) and 

(5.13), accordingly. Over the SLC maneuver, the forward speed remains constant. As 
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described in Equation 5.18, assuming that the time duration for the AAV to complete the 

SLC maneuver is 𝜏𝑒𝑛𝑑, PFOT measures for the car and trailer is defined as  

𝐽𝑃𝐹𝑂𝑇1 = Ε𝜅=1 = { 1𝜏𝑒𝑛𝑑 ∫ [𝑒1(𝜏)]2𝜏𝑒𝑛𝑑
0 𝑑𝜏}12 (5.25) 

𝐽𝑃𝐹𝑂𝑇2 = Ε𝜅=2 = { 1𝜏𝑒𝑛𝑑 ∫ [𝑒2(𝜏)]2𝜏𝑒𝑛𝑑
0 𝑑𝜏}12 (5.26) 

where 𝐽𝑃𝐹𝑂𝑇1 and 𝐽𝑃𝐹𝑂𝑇2 denote the root of mean square (RMS) value of the PFOT 

measure for the car and trailer over the SLC maneuver, respectively.   

Similarly, the YAD measure for the car and trailer are specified by  

𝐽𝑌𝐴𝐷1 = Ε𝜅=3 = { 1𝜏𝑒𝑛𝑑 ∫ [∆𝜓1(𝜏)]2𝜏𝑒𝑛𝑑
0 𝑑𝜏}12 (5.27) 

𝐽𝑌𝐴𝐷2 = Ε𝜅=4 = { 1𝜏𝑒𝑛𝑑 ∫ [∆𝜓2(𝜏)]2𝜏𝑒𝑛𝑑
0 𝑑𝜏}12 (5.28) 

where 𝐽𝑌𝐴𝐷1 and 𝐽𝑌𝐴𝐷2 represents the RMS value of the YAD measure for the car and 

trailer over the SLC maneuver, accordingly. 

 

Then the subject function (Equation 5.18) could be expressed as:  𝑓𝑃𝑆𝑂/𝐷𝐸(𝑿𝐷) = 𝜉1𝐽𝑃𝐹𝑂𝑇1(𝑿𝐷) + 𝜉2𝐽𝑌𝐴𝐷1(𝑿𝐷) + 𝜉3𝐽𝑃𝐹𝑂𝑇2(𝑿𝐷) + 𝜉4𝐽𝑌𝐴𝐷2(𝑿𝐷) (5.29) 

In this optimization problem, the design variable set 𝑿𝐷 consists of two subsets: 𝑿𝐷𝑚 and 𝑿𝐷𝑣,  which denote the tuning parameters of the LMPC controller and the geometric 

parameters of the mechanical vehicle, correspondingly.  

The tuning parameters for an MPC controller generally include [117]: 𝑃𝐻, 𝐶𝐻 sampling 

time (𝑇𝑆), output weighting matrix (𝑸), control input variation weighting matrix (𝑹), and 



61 
 

control input weighting matrix (𝑺). In real-time execution of MPC controls, practical 

limitations frequently restrict the availability of sampling time as a tuning parameter. The 

guideline of selecting 𝑃𝐻 and 𝐶𝐻 is well established [117]. Following the guideline, this 

study makes a reliable selection: 𝑃𝐻 = 20 and 𝐶𝐻 = 15.    

It is shown that the selection of 𝑸, 𝑹, and 𝑺 is still open for discussion [117]. Considering 

this fact, we choose the elements of 𝑸, 𝑹, and 𝑺 as the components of 𝑿𝐷𝑚. In the LMPC 

controller design with the formulation of (5.14),  𝑸 ∈ ℝ2×2, 𝑹 ∈ ℝ1×1, and 𝑺 ∈ ℝ1×1 are 

diagonal matrices, and they are represented by  

𝑸 = [𝑤1 00 𝑤2] (5.30) 

𝑺 = [𝑤3] (5.31) 𝑹 = [𝑤4] (5.32) 

where 𝑤1, 𝑤2, 𝑤3, and 𝑤4 are weights on 𝑌𝑐1,𝑑(𝑘) − 𝑌𝑐1(𝑘), 𝑌𝑐2,𝑑(𝑘) − 𝑌𝑐2(𝑘), 𝑢(𝑘), and ∆𝑢(𝑘), respectively. Thus, the design variable subset (𝑿𝐷𝑚) is constructed by  𝑿𝐷𝑚 = [𝑤1 𝑤2 𝑤3 𝑤4]𝑇 (5.33) 

Among various system parameters for CT combinations, geometric parameters, i.e., a 

(distance from car CG to front axle), b (distance from car CG to rear axle), d (distance 

from car CG to pintle hitch), e (distance from pintle hitch to trailer CG), and h (distance 

from trailer CG to trailer axle), as shown in Figure 3.1, pose significant impacts on the 

directional performance of these AAVs [118]. In this study, the five geometric 

parameters constitute the mechanical CT design variable subset (𝑿𝐷𝑣), which is specified 

by 𝑿𝐷𝑣 = [𝑎 𝑏 𝑑 𝑒 ℎ]𝑇 (5.34) 

Combining the design variable subsets defined in Equation (5.33) and (5.34) results in the 

design variable set (𝑿𝐷) with the following structure 𝑿𝐷 = [𝑎 𝑏 𝑑 𝑒 ℎ 𝑤1 𝑤2 𝑤3 𝑤4]𝑇 (5.35) 
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In the design optimization, the evaluations of the performance measures specified by 

Equations (5.25) -(5.28) are obtained based on the dynamic responses of the CT over the 

simulated SLC maneuver. The design variable set (𝑿𝐷) is permitted to vary from its 

lower bound to the upper bound. Based on the design framework illustrated in subsection 

5.3.2 and subject function in Equation 5.59, the top-level multi-objective optimization 

problem is formulated to realize the aforementioned design objectives subject to the 

specified constraints. The formulation is fabricated as: 

find 𝑿𝐷 

such that  min𝑿𝐷 𝐹(𝑿𝐷) = 𝜉1𝐽𝑃𝐹𝑂𝑇1(𝑿𝐷) + 𝜉2𝐽𝑌𝐴𝐷1(𝑿𝐷) + 𝜉3𝐽𝑃𝐹𝑂𝑇2(𝑿𝐷)+ 𝜉4𝐽𝑌𝐴𝐷2(𝑿𝐷) 

subject to  𝑙. 𝑏𝑖 ≤ 𝑿𝐷𝑖 ≤ 𝑢. 𝑏𝑖, 𝑖 ∈ {0,1, . . . ,8} (5.36) 

 

where, 𝑙. 𝑏𝑖 and 𝑢. 𝑏𝑖 are the lower and upper bound of the 𝑖𝑡ℎ dimension, respectively. 𝜉𝑖, 𝑖 ∈ {1,2,3,4} are weighting factors, 𝑋𝐷_𝑖 denotes the 𝑖𝑡ℎ element of the design variable 

set 𝑿𝐷 specified in Eq. (5.35). 
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Chapter 6  

Design Optimization Results and Discussions   

6.1 Introduction 

This chapter presents a simulation test that integrates the proposed design synthesis with 

the linear 3-DOF CT model discussed in section 3.2 and LMPC controller built in section 

5.2 to find the optimum design of the CT system and the MPC that minimizes the path-

following errors. A SLC testing maneuver similar to the one described in section 3 is 

applied in this section, and the PSO and DE algorithms introduced in section 5.3 are 

tested in this section. The selected simulation results will be discussed in this chapter.  

6.2 Testing setup  

This subsection shows the details about the SLC testing maneuvers used for the 

simulation, PSO and DE optimization algorithms setting up, and the nominal and the 

optimal designs of the CT combination that will be used for a comparison. 

6.2.1 Testing maneuvers  

To implement the above formulated design optimization problem, the SLC testing 

maneuver recommended by ISO-14791 is adopted and simulated [119]. The reference 

path is described as:  

𝑦𝑐(𝑡) = 𝐿𝑇𝑝 [𝑋𝑐(𝑡)𝑉𝑋 − 𝑇𝑝2𝜋 𝑠𝑖𝑛 (2𝜋𝑋𝑐(𝑡)𝑇𝑝𝑉𝑋 )] (6.1) 

where the 𝑋𝑐(𝑡) and 𝑦𝑐(𝑡) are the horizontal and lateral displacement (in meters) of a point 

on the reference path displayed in the inertial coordinate system. 𝑉𝑥 (in m/s) is vehicle 

forward speed, 𝐿 (in meters) is the maximum SLC lateral displacement, and Tp (in 

seconds) is the time period. The longitudinal position of the vehicle and the forward 

speed are related by   𝑋𝑐(𝑡) = 𝑉𝑋𝑡 (6.2) 
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where for this specific test, the forward vehicle speed is selected as 𝑉𝑋 = 30 [𝑚/𝑠], and 

the selection and validation of the forward speed has been discussed in section 3.2.3 in 

details. The values of the reference path parameters are provided in Table 6.1 

Table 6.1: Parameter values for the reference path of the SLC testing maneuver 

Parameters Vehicle speed, 𝑉𝑥, 𝑚/𝑠  Time period, 𝑇𝑝, 𝑠 Max. displacement, 𝐿,𝑚 

Values 30 (108 km/h) 2.5 2.437 

 

6.2.2 Optimization parameters and nominal values  

As discussed in section 5.3, the parameters of the PSO an DE need to be specified, and 

for this test, the algorithms parameters are summarized in Table 6.2. Population has been 

set as 50 individuals in this test, and the termination criteria is maximum generation 

equals to 30. For the PSO, personal train weight 𝛽1 and global training weight 𝛽2 are both 

set to 2. The inertia weight factor is set uniformly decreasing with constant rate from 0.95 

at the first generation to 0.3 of the last generation. For the DE, the crossover possibility 𝐶𝑟 is 0.8, and ℱ = 0.8. For both the PSO and DE, the four weighting factors in the fitness 

function (𝜉1 𝑡𝑜 𝜉4 in equation 5.22) have been set as 1,10,1, and 10, respectively.  

Table 6.2: Optimization algorithms parameters  

PSO DE ℕ𝑃𝑆𝑂 ℚ𝑃𝑆𝑂 W 𝛽1 𝛽2 ℕ𝐷𝐸 ℚ𝐷𝐸 ℱ 𝐶𝑟 

50 30 0.3~0.95 2.0 2.0 50 30 0.8 0.8 

 

6.3 Results  

In total, 4 runs of the optimization are conducted to achieve the optimal design. Table 6.3 

lists the searching space for each run, in which the nominal geometry values are the 

optimized results done in [78] and the nominal control parameters are the controller 

designed in [17]. The objective function value of the nominal design (𝑓𝑁𝑂𝑀) are 

calculated based on the same method used by the PSO and DE expressed in Equation 

5.29. The searching space of each run has been highlighted in red color in Table 6.3. The 

first run has been designed to search over all the 9 dimensions of this problem, and the 
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searching range for the first five variables (𝑿𝐷𝑣) are 20% variation of the nominal values. 

The searching range of the MPC weighting factors (𝑿𝐷𝑚) are much wider, which is based 

on trial-and-error method.   

Table 6.3: Nominal values of the optimization problem and searching space 

  Run 1 Run 2 Run 3 Run4 

Variables Nominal Min. Max. Min. Max. Min. Max. Min. Max. 𝑎 1.5 1.2 1.8 1.2 1.2 1.2 1.2 1.2 1.2 𝑏 1.7 1.36 2.04 2.04 2.04 2.04 2.04 2.04 2.04 𝑑 2.9 2.32 3.48 2.32 2.32 2.32 2.32 2.32 2.32 𝑒 5.8 4.64 6.96 4.64 4.64 4.64 4.64 4.64 4.64 ℎ 0.12 0.096 0.144 0.144 0.144 0.144 0.144 0.144 0.144 𝑤1 200 100 750 500 500 500 500 200 600 𝑤2 100 100 750 300 300 300 300 200 600 𝑤3 0 0 10 0 1 0 0 0 0 𝑤4 0.1 0 10 10 10 5 20 11.13 11.14 𝑓𝑁𝑂𝑀 0.2025         

 

Table 6.4: Optimization results  

 
Run 1 Run 2 Run 3 Run 4 

 

Variables PSO DE PSO DE PSO DE PSO DE 𝑒 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 ℎ 0.144 0.144 0.144 0.144 0.144 0.144 0.144 0.144 𝑎 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.2 𝑏 2.04 2.04 2.04 2.04 2.04 2.04 2.04 2.04 𝑑 2.32 2.32 2.32 2.32 2.32 2.32 2.32 2.32 𝑤1 407.525 533.474 500 500 500 500 499.260 499.260 𝑤2 237.591 329.636 300 300 300 300 380.216 380.216 𝑤3 0 0.302 0 0.03 0 0 0 0 𝑤4 10 10 10 10 11.143 11.131 11.132 11.132 

Fitness 0.1724 0.1724 0.1724 0.1724 0.1724 0.1724 0.1724 0.1724 

         

 

Table 6.4 presents the optimized results of the four runs. AS shown in Table 6.3 and 6.4, 

after the Run 1, although the PSO and DE reach the same objective function value 

(0.1724), the optimal value of 𝑤3 is 0 by PSO while 0.302 by DE. Therefore, in Run2, 

only 𝑤3 is allowed to vary in the range of [0, 1], while all the other eight design variables 

are fixed at the values achieved by Run 1. The results of Run2 show that the resulting 
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value of 𝑤3 is closed to 0 (0.03) in this run, therefore, it is set to zero for Run 3. Run3 is 

intended to find the optimal value for 𝑤4. It is shown that after Run1, the optimal value of 

this variable takes its upper bound value, i.e., 10. Thus, in Run 3, the variation range for 𝑤4 is set as [5,20], and the resulting optimum value is 11.13. Similarly, for 𝑤1and 𝑤2, 

which take different optimal values in Run 1 by PSO and DE. Therefore, in Run 4, the 

searching space for both of them have been changed to [200, 600], and the resulting 

optimal values are: 𝑤1 = 499.2; 𝑤2 = 380.2.  

As shown in Figure 3.1, 𝑎 and 𝑏 determine the position of C.G. of the vehicle in 

longitudinal direction, and as shown in Table 6.5, the optimal values of 𝑎 and 𝑏 take the 

respective lower and upper bound values. It states that moving the C.G. of the vehicle to 

the front along longitudinal direction is beneficial for high-speed path-following 

performance; the hitch should be as close to the C.G. of vehicle as possible, which is 

reflected by the fact that the optimal 𝑑 value takes the lower bound value of 2.32 m. The 

parameters 𝑒 and ℎ determines the longitudinal position of C.G. of the trailer. The 

optimal results suggest that moving the C.G. of trailer closer to the hitch point could 

reduce the off-tracking error of the trailer, which agrees with the experiment results in 

[7]. Longer towing distance leads to a longer lever arm for the trailer tire force to turn the 

trailer in yaw-plane, so it increases the high-speed lateral stability. The results of Run 4 

are the finalized optimum design of the system and MPC controller, which yields the 

objective function of 0.1724, reducing by 14.86% from the baseline value of 0.2025. 

To examine the optimal design, we compare its performance measures against the 

counterparts of the baseline design. Table 6.5 listed the relevant performance measures 

for both the baseline and optimal designs.  For the optimal design, the design variables 

take their optimal values listed in Table 6.4, while for the nominal design, the design 

variables are assigned their nominal values provided in the table. To do the benchmark, 

co-simulations are conducted, in which the LMPC tracking-controller designed in 

MATLAB/Simulink is integrated with the CT model developed in CarSim software. In 

the co-simulations, the CarSim model plays the role of the CT plant shown in Figure 5.2. 

This section evaluates the optimal design in terms of 1). performance improvement and 

2). effects of design variables.     
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Table 6.5: Performance measures for both the baseline and optimal designs  

 

Performance measures 𝐽𝑃𝐹𝑂𝑇1, 𝑚 𝐽𝑌𝐴𝐷1, (o) 𝐽𝑃𝐹𝑂𝑇2, 𝑚 𝐽𝑌𝐴𝐷2, (o) Fitness 

Baseline design 0.0121 0.3037 0.0844 0.3037 0.2025 

Optimal design 0.0083 0.2120 0.0781 0.2807 0.1724 

Improvement (%) 31.40 30.19 7.46 7.57 14.86 

 

6.3.1 Performance improvement 

To further examine the performance difference between the two designs, Figures 6.1 to 

6.4 illustrate the dynamic responses of the leading and trailing vehicle units over the 

simulated SLC maneuver. Figures 6.1 and 6.2 show the reference path and the trajectories 

of the car and trailer, respectively, for both the baseline and optimal designs. In the case 

of car path tracking, the overshoot of the baseline design with respect to the maximum 

lateral displacement of the reference path (i.e., 2.437 m as listed in Table 6.1) is 0.057 m, 

while the overshoot of the optimal design is 0.029 m, decreasing by 49.1% from its 

baseline measure. In the case of trailer path tracking, the overshoot of the optimal design 

is 0.088 m, increasing 11.39% from its baseline value of 0.079 m. Although the overshoot 

of the trailer lateral trajectory is slightly larger than that of baseline, in terms of the SLC 

path tracking error, as shown in table 6.5 the leading and trailing vehicle units of the 

optimal design show better PFOT performance than that of the baseline design by 31.4% 

and 7.46%, respectively. 

 

Figure 6.1: Car (Leading unit) trajectory  
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Figure 6.2: Trailer (Trailing unit) trajectory 

Figures 6.3 and 6.4 illustrate the lateral acceleration time history of the car and trailer, 

accordingly, for both the baseline and optimal designs. It is observed that for the baseline 

design, there are numerous spikes on the car lateral acceleration curve, and the maximum 

peak lateral acceleration value is 2.911 𝑚/𝑠2. In contrast, for the optimal design, the car 

lateral acceleration curve looks much smoother with the maximum peak value of 2.463 𝑚/𝑠2, decreasing by 15.4% from its baseline value. Interestingly, the trailer lateral 

acceleration curve of the baseline design shown in Figure 6.5 looks smooth without 

similar spikes occurred on the respective car lateral acceleration curve illustrated in 

Figure 6.3. The resulting smooth trailer acceleration curve may be attributed to the 

damping effects of the car suspensions and pintle hitch. For the optimal design, the 

maximum trailer lateral acceleration peak value is 3.012 𝑚/𝑠2, increasing by 1.7% from 

its baseline value of 2.963 𝑚/𝑠2. Leading and trailing vehicle units’ lateral accelerations 

are important indicators of the lateral stability of AVs [120]-[123]. The co-simulation 

results shown in Figures 6.3 and 6.4 imply that the optimal design outperform the 

baseline design in car lateral stability, and both designs exhibit almost the same level of 

trailer lateral stability. Table 6.6 summarizes the performance of both the baseline and 

optimal designs in tracking path overshoots and maximum lateral accelerations for the car 

and trailer over the simulated SLC maneuver. 
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Figure 6.3: Car lateral acceleration vs. time 

 

Figure 6.4: Trailer lateral acceleration vs. time 

Table 6.6: Performance indicators for both the baseline and optimal designs in tracking 
path overshoots and maximum lateral accelerations for the car and trailer 

 

Performance 

indicators 

Max. car path 

overshoot, m 

Max. trailer path 

overshoot, m 

Max car lateral 

acceleration, 𝑚/𝑠2 

Max. trailer lateral 

acceleration, 𝑚/𝑠2 

Baseline Design 0.057 0.079 2.911 2.963 

Optimal design 0.029 0.088 2.463 3.012 

Improvement (%) 49.1 -11.39 15.4 -1.7 

 



70 
 

In the implementation of the design optimization, both the PSO and DE are individually 

used to solve the top-level optimization problem formulated in (5.29). With four runs of 

the bi-level design optimization shown in Figure 5.4, both the search algorithms 

independently find the optimal design provided in Table 6.4. Figure 6.5 shows the 

relationship between fitness values for the objective function defined in (5.29) and 

generation number in the first run of the PSO and DE. Compared with the DE, the PSO 

converges faster; to find the given optimal design, the PSO takes 9.45 minutes for one 

generation, while the DE uses 11.11 minutes, increasing by 14.9%.     

 

Figure 6.5: Objective function value vs. generation of optimization  

Figure 6.6 displays the time history of car front wheel steering angle determined by the 

LMPC tracking controller of the baseline and optimal designs. The steering angle input 

curve for the optimal design looks smooth, and it takes the form similar to a single cycle 

sine wave. This observation is consistent with the fact that for a high-speed SLC 

maneuver, the vehicle front wheel steering angle input kinematically takes the form of a 

single cycle sine wave with a given amplitude and time period [4], [120], [124]. In the 

baseline design case, the steering angle input oscillates violently with multiple peaks. 

This violently oscillated steering input is the root cause for generating numerous spikes 

on the car lateral acceleration curve shown in Figure 6.3.      
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Figure 6.6: Steering angle vs. time 

In addition to providing the specified optimal design offered in the searching range, for 

which the co-simulation results are presented in Figures 6.1 to 6.4 and Figure 6.6, the 

proposed design method is able to offer Pareto optimal design set. Figures 6.7 and 6.8 

present the achieved Pareto optimal design solutions. Plotted in Figure 6.7 is the car 

PFOT index 𝐽𝑃𝐹𝑂𝑇1versus the car YAD measure  𝐽𝑌𝐴𝐷1. The individual designs from the 

PSO or DE are represented by circles, which tend to cluster as the search algorithm 

converges to the optimal designs. The clustered data represented by red circles 

correspond to the Pareto frontier or the Pareto optimal design solutions. The Pareto 

frontier shown in Figure 6.7 reveals a trade-off in the relationship between 𝐽𝑃𝐹𝑂𝑇1 and 𝐽𝑌𝐴𝐷1: the former can only be improved at the expense of the latter, and vice -versa. No 

one design criterion is favored over another; instead, the designer obtains explicit 

information about the trade-offs between path-following measure and yaw stability index. 

Similarly, Figure 6.8 shows the Pareto frontier in the relationship between 𝐽𝑃𝐹𝑂𝑇2   and 𝐽𝑌𝐴𝐷2. Figures 6.7-6.8 visualize the trade-offs between the high-speed PFOT, and the 

lateral stability of AVs reported in the literature [120]-[125]. 
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Figure 6.7: Achieved Pareto optimal design solution of the relationship between 𝐽𝑃𝐹𝑂𝑇1 
and 𝐽𝑌𝐴𝐷1.   

 

Figure 6.8: Achieved Pareto optimal design solution of the relationship between 𝐽𝑃𝐹𝑂𝑇2 

and 𝐽𝑌𝐴𝐷2.   
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6.3.2 Effects of design variables     

In this subsection, four typical design variables, i.e., 𝑤1, 𝑤3, 𝑤4, and e, are assessed 

regarding the impacts of each of these design variables on the relevant performance 

measures of the AAV designs.   

As shown in Table 6.3, the design variable 𝑤3, i.e., the weight on the car front wheel 

steering angle 𝛿𝑓, is allowed to vary from 0.00 to 10.00 in the design optimization of the 

AAV. In the case concerned, no reference steering angle input is provided. The optimal 

value of 𝑤3 takes the lower bound value of 0.00, and this implies that in the LMPC 

controller design formulated in Equation 5.14 the second summand in the objective 

function defined could be removed. Interestingly, in the MPC tracking-controller design 

for an autonomous vehicle with automated steering reported in [53], the aforementioned 

summand associated with the steering angle input was excluded from the equivalent 

objective function. In another MPC tracking-controller design, the equivalent weight of 𝑤3 took the value of 10−12 or 10−7 with the implication that the above summand related 

to the steering angle input could be eliminated from the respective objective function 

[17]. Obviously, the optimal value of 𝑤3 derived from our design optimization is aligned 

with the reported design practice.  

The nominal and optimal values of 𝑤4 are 0.1 and 11.13, respectively, as shown in Table 

6.3. The weight represented by 𝑤4  penalizes the increment of the car front wheel steering 

angle input, i.e., ∆𝛿𝑓. It is expected that the heavier the weight becomes, the smaller the 

steering angle varies in each time interval of the specified control horizon. The co-

simulation result seen in Figure 6.6 is consistent with the above expectation; the small 

nominal 𝑤4 value of 0.1 leads to the violent oscillation of the steering angle input with 

multi-peaks for the baseline design, whereas the smooth steering angle input of the 

optimal design is attributed to the larger optimal 𝑤4 value of 11.13. 

To further justify the optimal design listed in Table 6.4, we conduct the sensitivity 

analysis of: 1) the performance measure of 𝐽𝑃𝐹𝑂𝑇2 (the RMS value of the trailer PFOT 

over the SLC maneuver) to the design variable 𝑒 (the distance from pintle hitch to trailer 

CG), and 2) the performance measure of 𝐽𝑃𝐹𝑂𝑇1 (the RMS value of the car PFOT over the 
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SLC maneuver) to the design variables of 𝑤1 (the weight on the car lateral position 

deviation). To implement the sensitivity analysis, we alter one design variable at a time, 

while all other design variables are fixed at their nominal values listed in Table 6.3.  

Figure 6.9-6.11 show the impact of e on the path-following performance of the trailer. 

Figure 6.9 illustrates the time histories of the trailer lateral position over the SLC 

maneuver with different e values. To facilitate our discussion, the time histories in the 

time interval from 1.67 to 4.39s are focused, and all the curves are replotted in Fig. 6.10. 

Shown in this figure is a point denoted as A, at which the curve corresponding to the e 

value of 4.64 m (i.e., the optimal and lower bound value) intersects with the reference 

curve. It is noted that point A corresponds to the time instant of 2.06 s. A close 

observation discloses that over the SLC maneuver, prior to the time instant, the smaller 

value e takes, the closer the respective curve tends to approach to the reference one, 

whereas after this time instant, the larger value e takes, the farther the corresponding 

curve moves away from the reference one. As seen in the figure, increasing the value of e 

leads to the decrease of the overshoot. This observation may explain the fact that even 

though the optimal 𝐽𝑃𝐹𝑂𝑇2 measure reduces by 7.46% from the baseline measure (as listed 

in Table 6.5), the maximum trailer path overshoot of the optimal design increases by 

11.39% from the counterpart of the baseline design (see Table 6.6).  

Figure 6.11 shows an approximate linear relationship between the 𝐽𝑃𝐹𝑂𝑇2 measure and the 

design variable 𝑒. This implies that a short distance from the hitch of the CT to the trailer 

CG be beneficial for improving trailer path-following performance. It is well known that 

for AVs, there exists a trade-off between the high-speed lateral stability and transient 

path-following performance [4][119]. Following this rule of thumb, the testing result 

reported in [126] implies that moving trailer CG to the hitch reduce the path-following 

off-tracking. Thus, the result shown in Figure 6.10 is consistent with the published 

finding. 
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Figure 6.9: Sensitivity analysis of the effects of design variables e on trailer path tracking 

 

Figure 6.10: Enlarged window of the focused curves shown in Figure 6.9 
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Figure 6.11: Relationship between 𝐽𝑃𝐹𝑂𝑇2 and 𝑒 

Figure 6.12-6.14 illustrate the effect of 𝑤1on the path-following performance of the car. 

Figure 6.12 displays the time histories of the car lateral position with 𝑤1taking various 

values. It is found that 𝑤1 poses a significant impact on the overshoot of the time-history 

curve of car lateral position. Thus, the focus is aimed at the area where the overshoots of 

those curves occur. The focused area within an enlarged window is shown in Figure 6.13. 

Unlike the scenario regarding the effect of the design variable e seen in Figure 6.10, from 

Figure 6.13 no deterministic variation tendency of the overshoot while altering 𝑤1 could 

be realized. When 𝑤1 takes the optimal and baseline values, i.e., 499.2 and 200.0, the 

corresponding overshoots are 0.037 and 0.057 m, between which the former reduces by 

35.1% from the latter. As listed in Table 6.6, for the overall optimal design, the respective 

overshoot is 0.029 m, decreasing by 49.1% from the baseline value of 0.057 m. From the 

above data analysis, we can conclude that among the nine design variables, 𝑤1 plays the 

most important role for decreasing the car tracking path overshoot. 

Shown in Figure 6.14 is the relationship between the 𝐽𝑃𝐹𝑂𝑇1 measure and the design 

variable 𝑤1. Interestingly, unlike the approximate linear relationship between 𝐽𝑃𝐹𝑂𝑇2 and 

e illustrated in Figure 6.11, 𝐽𝑃𝐹𝑂𝑇1 varies nonlinearly with 𝑤1 as shown in Figure 6.14. 
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This nonlinearity may pose a challenge for manually tuning the weight to attain the 

optimal performance measure. A close observation of the nonlinear curve shown in 

Figure 6.14 reveals that within the variation range of 𝑤1, overall 𝐽𝑃𝐹𝑂𝑇1 decreases with 

the design variable. In view of the multi-objective optimization problem formulated in 

Equation (5.18), the larger the value the design variable takes, the smaller the tracking 

error the car will follow the reference path. The overall variation tendency of 𝐽𝑃𝐹𝑂𝑇1 with 𝑤1 shown in Figure 6.14 agrees with the aforementioned inference.   

As listed in Table 6.5, for the leading vehicle unit, i.e., the car, compared with the 

baseline design, the optimal one improves the performance in 𝐽𝑃𝐹𝑂𝑇1 and 𝐽𝑌𝐴𝐷1 by 

31.40% and 30.19%, respectively. However, for the trailer, the optimal design only 

improves the performance in 𝐽𝑃𝐹𝑂𝑇2 and 𝐽𝑌𝐴𝐷2 by 7.46 and 7.57%, accordingly; as listed 

in Table 6.6, in terms of the maximum trailer path overshoot and lateral acceleration, the 

optimal design performs even poorer than the baseline one. The marginal trailer 

performance improvement of the optimal design with respect to the baseline design may 

be attributed to the inherent features of the CT configuration and its lateral dynamics. In 

the optimal AAV, the LMPC tracking controller determines the car front wheel steering 

angle input during the SLC maneuver, the leading vehicle unit, i.e., the car, is directly 

governed by the control action. Thus, the optimal design significantly outperforms the 

baseline design in all the car performance measures. On the other hand, the trailer is 

connected with the car at the articulation point by a pintle hitch. The effect of the car 

front wheel steering action due to the optimal LMPC controller on the lateral dynamic of 

the trailer is limited. Moreover, during the high-speed evasive maneuver, the exaggerated 

lateral motions of the trailer may further weaken the effect of the optimal LMPC 

controller. The results reported in the literature indicate that active trailer steering control 

is an effective technique for improving the high-speed lateral stability and enhancing the 

transient path-following performance of the trailering unit of CT combinations [122]. It is 

expected that integrating the proposed autonomous steering scheme with an active trailer 

steering technique will greatly improve the high-speed path-following performance and 

lateral stability for both the leading and trailing vehicle units simultaneously.                           
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Figure 6.12: Sensitivity analysis of the effects of design variables 𝑤1 on car path tracking 

 

Figure 6.13: Enlarged window of the focused curves section shown in Figure 6.12 
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Figure 6.14: Relationship between 𝐽𝑃𝐹𝑂𝑇1 and 𝑤1 

In addition to the above sensitivity and vehicle dynamic analysis, the influences of the 

other individual design variables have also been assessed, including a, b, d, h, and 𝑤2, on 

the performance measures of 𝐽𝑃𝐹𝑂𝑇1, 𝐽𝑃𝐹𝑂𝑇2, 𝐽𝑌𝐴𝐷1, and 𝐽𝑌𝐴𝐷2. The comprehensive 

sensitivity and vehicle dynamic analysis justifies the optimal design shown in Table 6.4. 

The successful implementation of the design optimization demonstrates the effectiveness 

of the proposed design synthesis shown in Figure 5.3. 
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Chapter 7  

Conclusions    

This thesis proposes a novel design method for AVs with autonomous driving control. 

Conclusions are divided into three major contributions of this research, and they have 

been illustrated by subsections 7.1 and 7.2 in detail:  

• Articulated vehicle modeling and analysis: To fulfill this purpose, corresponding 

modelling analysis of CT system in different DOFs have been conducted. Vehicle 

models have been validated before they are applied in the mode-based predictive 

controller design. Dynamic analysis of the articulated vehicle systems and multi-

trailer system has been conducted through numerical modeling methods including 

the proposed stochastic modeling tool.  

• Autonomous steering control for AVs: The autonomous steering control problem 

has been formulated as an MPC scheme design problem, in which the vehicle has 

been approved performing the expected target path-tracking performance with the 

proposed linear 3-DOF CT model and LMPC controller designed in Simulink. 

Besides, in order to solve the high-speed stability issue of CT system, the CT 

design problem and the MPC controller tuning problem have been studied 

simultaneously as a global optimization problem.  

• Bi-layer optimization method: For the first time, the design optimization and 

controller formulation of AAVs have been studied together for achieving optimal 

road safety. The proposed PSO and DE algorithms have been formulated 

specifically for this problem and corresponding testing simulation has been 

conducted. The results have shown a better path-following performance of the 

optimized vehicle and controller than the nominal system, which yield a smaller 

path-tracking errors, lower lateral acceleration, and more elegant steering control.  
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7.1 Articulated vehicle modeling and analysis  

The detailed analysis of the articulated vehicle system on lateral stability has been 

conducted through linear and nonlinear modeling methods. The popular single-track CT 

model has been validated and compared to the complex nonlinear models through the 

standard testing procedure defined by ISO-14791. Eigenvalue analysis has been 

conducted on the developed linear 3-DOF CT single-track model in order to identify the 

system critical speed, which is 38 m/sec. The tire models have been analyzed and 

compared in this thesis, which states when the tire slip angle is small, the linear tire 

model shows good performance and high similarity with the nonlinear tire model (Magic 

tire formula). When the tire slip angle is large, an error of the linear tire model can be 

expected.  

An innovative stochastic modeling method has been applied in this thesis in order to 

improve the realism of model of road, load, and geometry design condition of LCVs. The 

method utilized the Monte Carlo method to simulate the random payload weight, and 

road surface condition when the LCVs under operation, which provides valuable insights 

about the stability analysis of LCVs and save simulation time and computational efforts. 

Considering the weather or road condition during vehicle modeling process has been 

approved able to improve the model performance dramatically, which is also beneficial 

for the advanced controller development process. This stochastic modeling method 

provides an efficient method for studying vehicle parameters and road conditions 

simultaneously.  

7.2 Optimization design synthesis for CT autonomous steering control  

An autonomous articulated vehicle (AAV) is a complex mechatronics system, which 

consists of multiple subsystems, i.e., mechanical vehicle, tracking-control, motion-

planning, etc. Given the complex mechatronics system, this research proposes a novel bi-

level design synthesis method for AAVs. At the bottom level, these dynamically coupled 

subsystems are modelled and combined as an integrated AAV; the virtual AAV is then 

simulated with the modules of motion-planning and tracking-control under a specified 

operating maneuver. At the top level, a multi-objective optimization problem is 
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formulated with the design criteria of the path-following and the lateral stability of the 

leading and trailing vehicle units of the AAV.  

To evaluate the applicability and effectiveness of the proposed method, it is applied to the 

design optimization of a car-trailer combination with an automated steering system. For 

implementing this design optimization, a PSO and a DE search algorithm are individually 

tested and used to solve the top-level optimization problem; at the bottom level, the AAV 

is modelled with the subsystems of a mechanical CT, a motion-planning, and a LMPC 

tracking-control; an ideal AAV design with the optimal design variables of mechanical 

CT and LMPC controller is found under a simulated SLC maneuver. Both the PSO and 

the DE can reliably seek the optimal design, and the PSO is more computationally 

efficient between the two algorithms. Compared with the baseline design, the optimal 

AAV significantly improves the specified performance measures of the leading vehicle 

unit, but marginally enhances the trailer performance. The corresponding sensitivity and 

dynamic analyses justify the selected optimal design. In addition to providing the 

specified optimal design, the proposed design method is able to offer a Pareto optimal 

design set, which provides the designer multiple design solutions with various 

preferences.  

The optimal design of the CT derived from this study implies that to greatly improve the 

high-speed path-following performance and lateral stability for both the leading and 

trailing vehicle units simultaneously, the proposed autonomous steering scheme should 

be integrated with an active trailer steering technique. To improve the design synthesis 

method, enhancement should be applied to the function of tracking-control by 

introducing vehicle forward speed control, incorporate the perception module in the 

AAV, and further enlarge the design space by adding the design variables for the 

subsystems of perception and motion-planning. 

7.3 Potential application of proposed strategies   

Potential applications of the stochastic modeling method could be the implementation 

into machine leaning model or adaptive-MPC controller design. By using this stochastic 

modeling method, a labeled dataset containing road condition, vehicle stability, and 

driver behavior could be generated, and this could be used to train a machine learning 
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model like deep neural network to provide more information to the driver. With 

development of the sensor technology, when the road surface or weather information 

become accessible to drivers in real-time base, the model could be further used for 

developing adaptive-MPC controller with higher-level of autonomous features. In more 

details, nowadays, most MPC controllers were developed offline, and the predictive 

model used in the controller are only considering the vehicle dynamic information like 

speed and acceleration, but the loading and weather information has not been taken into 

consideration. With the developed stochastic model integrated, the adaptive-MPC could 

make a more accurate prediction based on both vehicle dynamic model and stochastic 

model that considers the environment factor and loading conditions. As a result, better 

prediction could be made, and higher performance could be expected.  

The potential application of the design synthesis for optimizing both vehicle design and 

controller design simultaneously could be wide. Ranging from autonomous features 

development of SUVs to that of LCVs, this co-simulation-based design method could 

save much more time and efforts compared to the physical experiment. Any new features 

like ATS and TDB controllers could be optimized by this method, as long as they can be 

developed in the Simulink environment.  

7.4 Future work  

Autonomous steering is one of the autonomous features of CT systems, and the current 

work finished in this thesis has not been validated through any hardware integrated 

although the numerical simulation shows good results. One of the future studies in this 

direction could be integrating hardware-in-the-loop (HIL) simulation method to further 

validate the optimized MPC controller. Adding motion planning features based on sensor 

information is another potential extension in this direction, which replace the pre-defined 

target trajectory in this thesis with calculated optimal path based on the road information 

from sensors. This extension may also contribute to the vehicle-to-vehicle (V2V) 

communication technology to improve the transportation efficiency and reduce emission. 

Besides, the integration of the stochastic model results into the autonomous steering 

control strategy is another potential direction, which may increase the robustness of the 

controller.  
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Appendices  

Appendix A System matrices 

𝑴 = [  
 1 0 0 00 𝑚1 + 𝑚2 −𝑚2𝑑 −𝑚2𝑒0 −𝑚2𝑑 𝐼𝑧𝑧1 + 𝑚2𝑑2 𝑚2𝑒𝑑0 −𝑚2𝑒 𝑚2𝑒𝑑 𝐼𝑧𝑧2 + 𝑚2𝑒2]  

 
 

𝑳 = 1𝑣𝑥 [   
 0 0 −𝑣𝑥 𝑣𝑥𝑣𝑥𝑐𝑡 𝑐𝑓 + 𝑐𝑟 + 𝑐𝑡 (𝑚1 + 𝑚2)𝑣𝑥2 + 𝑎𝑐𝑓 − 𝑏𝑐𝑟 − 𝑑𝑐𝑡 −(𝑒 + ℎ)𝑐𝑡−𝑑𝑣𝑥𝑐𝑡 𝑎𝑐𝑓 − 𝑏𝑐𝑟 − 𝑑𝑐𝑡 −𝑚2𝑑𝑣𝑥2 + 𝑎2𝑐𝑓 + 𝑏2𝑐𝑟 + 𝑑2𝑐𝑡 (𝑒 + ℎ)𝑑𝑐𝑡−(𝑒 + ℎ)𝑣𝑥𝑐𝑡 −(𝑒 + ℎ)𝑐𝑡 −𝑚2𝑒𝑣𝑥2 + (𝑒 + ℎ)𝑑𝑐𝑡 (𝑒 + ℎ)2𝑐𝑡 ]   

 
 

𝑭 = [ 0𝑐𝑓𝑎𝑐𝑓0 ] 

𝑨 = [  
  −𝑖𝑛𝑣(𝑴) ∗ 𝑳 0 0 0 00, 1, 0, 0 0 0 𝑢 0𝑢, 1, −𝑑,−𝑒 0 0 0 𝑢0, 0, 1, 0 0 0 0 00, 0, 0, 1 0 0 0 0]  

  
 

𝑩 = [  
  𝑖𝑛𝑣(𝑴)𝑭0000 ]  

  
 

𝑪 = [0 0 0 0 1 0 0 00 0 0 0 0 0 1 0] 
𝑫 = [00] 
 

 


